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"q^ ■ Consider a Hamiltonian action of a compact connected Lie 

[ group G on an aspherical symplectic manifold {M,uj). Under 

■ some assumptions on {M, u)) and the action, D. A. Salamon 
I conjectured that counting gauge equivalence classes of sym- 

plectic vortices on the plane M'^ gives rise to a quantum de- 
I formation Qkg of the Kirwan map. This article is the first of 

three, whose goal is to define Qkg rigorously. Its main result 
is that the vertical differential of the vortex equations over 

■ (at the level of gauge equivalence) is a Predholm operator of a 

specified index. Potentially, the map Qkg can be used to com- 
pute the quantum cohomology of many symplectic quotients. 

I Conjecturally it also gives rise to quantum generalizations of 

■ non-abelian localization and abelianization (see [WZ]). 
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1. Main result and motivation 

Let {M,uj) be a symplectic manifold without boundary, and G a compact 
connected Lie group with Lie algebra g. We fix a Hamiltonian action of G 
on M and an (equivariant) moment map ;U : M — > g*. Assume that the 
following hypothesis is satisfied: 

(H) G acts freely on fi~^{0) and the moment map fi is proper. 
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Then the symplectic quotient (M := /i~-'^(0)/G,a)) is wcll-dcfincd, smooth 
and closed. We denote by Hf{M, Z) {Hq{M, Z)) the equivariant (co-) homology 
of M with integer coefficients (equipped with the cup product H^{M) := 
Iff (M,Z)/ torsion etc., by kq : H^iM) H*{M) the Kirwan map, and 
by [uj — ij]'^ G Hq{M) the class of w — /i in the Cartan model. We define A^J 
to be the set of maps A : //^'(M) Z such that 

\{B G H§{M) I \{B) / {),{[uj - nf,B) < C}| < oo, VC G M, 

we equip Ai$ with the convolution product •, and call the triple (A^J, + , •) the 
equivariant Novikov ring. We denote by (QH(M, cj), *) the (small) quantum 
cohomology of (M, lj) with coefficients in Af^, and by ^'-'{M, lo) the space of 
G-invariant and cj-compatible almost complex structures on M. For x G M 
we denote hy Q ^ T^M the infinitesimal action. We call (M, to) equiv- 
ariantly convex at oo iff there exists a proper G-invariant / G C°°{M, [0, oo)), 
J G J'^{M, Lj) and C G [0, oo) such that 

oj{VyVf{x), Jv) - u{VjyVf{x),v) > 0, df{x)JL^ix{x) > 0, 

for every x G /-^([C,cx))) and 7^ v G T^M. Here V denotes the Levi- 
Civita connection of the metric u;(-, J-). A symplectic manifold {X,a) is 
called semi-positive iff for every B G 7r2(A) the conditions ([u;],iJ) > and 
ci{X,a) > 3 - dimX/2 imply that ci(X,cr) > (see [MS2]). Note that 
this holds for example if {X,a) is weakly monotone or dimX < 6. We call 
{X,a) aspherical iff J u*a = for every u G C°°(5^,X). 

1. Conjecture. Assume that (H) holds, (M, a;) is equivariantly convex at 
oo and aspherical, and {M,u)) is semi-positive (see [MS2]j. Then there 
exists a Aj^ -algebra homomorphism 

(1) ^:H*G{M)®Ai'^^qB*{M,u) 

of the form = kg (8) id + Y^q^b ® e^-. 

This conjecture (without specification of the quantum coefficient ring in- 
volved) was formulated by D. A. Salamon. The idea of proof outlined below 
is also due to him. The present article is part of a project whose goal is 
to make this idea rigorous and hence prove the conjecture. As an exam- 
ple, consider M := M^" with the standard structure uj := uq, and a linear 
action of G. Then (M, w) is equivariantly convex at oo (see Example 2.8 
in [CGMS]) and aspherical. Assume that G is the torus M'^/Z*^, and let 

. . . , G 0* = (R'')* be the weights of the action and : M^" ^ C" -> 
be given by ix{z) := t—tt J2i \z^\'^w^, for some r G g*. Then n is proper if and 
only if there exists ^ G such that w^{^) > 0, for z = 1, . . . ,n := dimM/2 
(see Proposition 4.14 in [GGK]). The action of G on //~^(0) is free if and 
only if for every subset / C {1, . . . ,n} the following holds. If there exist 
Oj > 0, for i e I, such that X^jg/Ciiiu* = then w'', for i e I, generate 
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the integral lattice in g* (see Lemma 5.20 in [GGK]). The quotient {M,oj) 
is semi-positive if for every ^ G g the conditions w'',^) > 3 — n + k, 

(r, ^) > imply ^ 0- Assume that the hypotheses of Conjec- 

ture 1 are satisfied, the action of G on M is monotone (and hence (M, ui) 
is monotone), and Hq{M) is generated by classes of degree less than twice 
the minimal Maslov number of this action. With these hypotheses R. Gaio 
and D. A. Salamon [GS] proved a version of the conjecture involving the 
Novikov ring of (M,w). This was used by K. Cicliebak and D. A. Salamon 
[CS] to compute QH*(M, u)) for monotone torus actions on M^" with Maslov 
number at least 2. A potential application of Conjecture 1 is to extend these 
computations to the more general setting of this conjecture. 

The idea of proof of Conjecture 1 is to define by counting symplectic vor- 
tices on the plane. To explain this, we fix a G-invariant inner product (•, •)g 
on and identify g* with g via (•, •)g. Let (E, uj^,j) be a real surface equipped 
with an area form and a compatible complex structure, and vr : P ^ S a 
principal G-bundle. We denote by Cq'{P, M) the space of smooth equivari- 
ant maps from P to M, and by A{P) the space of smooth connections on 
P. A (symplectic) vortex is a solution {u,A) G Cq{P,M) x A{P) of 

(2) 9j,a(«) = 0, Fa + {i^o u)uj: = 0. 

Here dj^^iu) denotes the complex anti- linear part of := du + L^A, which 
we think of as a one-form on S with values in the complex vector bundle 
TM" := {u*TM)/G S. Similarly, we view the curvature Fa of ^ as a 
two-form on E with values in the adjoint bundle Qp := {P x q)/G E. 
Finally, we view /x o u as a section of gp. The vortex equations (2) were 
discovered by K. Cieliebak, A. R. Gaio and D. A. Salamon [CGS], and 
independently by L Mundet i Riera [Mul, Mu2]. 

The energy density and energy oi a w := {u, A) & Cq{P, M) x A{P) are 
given by ■= ^ [\dAu\^ + l-^Ap + Ia* ° u]"^) and E(w) := Jj. CwOJ^.- Consider 
S := M^, equipped with the standard area form u-gp. := ojq and complex 
structure j := i, and P := x G. Let B G H§{M). The group G := G{P) 
of smooth gauge transformations on P acts on the set of solutions of (2). We 
denote by A^b the set of gauge (equivalence) classes of vortices w := {u,A) 
on P for which E{w) < oo, u{P) C M is compact and w represent the 
equivariant homology class B (see [Zil]). We denote by EG a contractible 
topological space on which G acts continuously and freely. There are natural 
evaluation maps e\z ■ Mb ^ {M x EG) /G (at z G M^) and evoo : Mb ^ M 
(at oo G U {oo}) (see again [Zil]). Heuristically, for a G Hq{M) and 
^ G H*{M), we define 

(3) Q^iaJ) := [ evga^ev^^. 

JMb 
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We fix dual bases (ei)j=i_...^jv and (eT)i=i^...^Ar of H*{M), in the sense that 
Im ^'i' ~ ^"^y idea is now to define a map if := Qkq as in (1) by 

QKoia) := ^ QKc(a,ei)e* (g) e^. 

i=l,...,N,B€H^{M) 

The goal of the present and two subsequent papers [Zi3, Zi4] is to make 
this definition rigorous: In the present article I introduce weighted Sobolev 
spaces XZ'^ and yS; that will serve as model spaces for a Banach manifold 

of gauge classes of pairs (u, A) and the fiber of a Banach bundle ~^ 
Furthermore, I show that the vertical differential of the equations (2) (viewed 
as a section S of is a Fredholm map between XS,' and y^^. In [Zi3] the 
notion of a stable map of vortices on and (pseudo-)holomorphic spheres 
in M is defined, and a bubbling result for vortices over is proven. The 
hypotheses of equivariant convexity and asphericity are needed here. The 
former forces vortices on to stay in a fixed compact subset of M, and 
the latter rules out bubbling of holomorphic spheres in M. The present 
paper and [Zi3] arc based on my Ph.D. -thesis [Zil]. In [Zi4], I define an 
atlas for consisting of charts with targets open subsets of the spaces X^'^ 
(and a similar atlas for £^). The charts are based on the choice of a G- 
invariant Riemannian metric on M whose exponential map along ;U~^(0) is 
compatible with the moment map fi. (This is needed to make the transition 
maps well-defined.) Furthermore, I show how to perturb S in order to make 
it transverse to the zero section. Combining all these results, it follows that 
5~^(0) C is a smooth finite dimensional submanifold, and the evaluation 
map evo xevoo is a pseudo-cycles. Here the semi-positivity of {M,Cd) is 
needed. The formula (3) is then made rigorous as an intersection number of 
pseudo-cycles. 

In order to show that Qkq intertwines ^ with *, it suffices to prove that 

(4) (Qkg(«i ^ 012), a) = {{Qkg{oii)* QKG{a2)) ^,a) , 

for every B € H^{M), ai,a2 G H^{M) and a e H^{M). The idea for 
proving this is the following. We choose "oriented submanifolds" Xi , X2 ^ 
(M X EG)/G that are "Poincare dual" to ai and a2, and an oriented sub- 
manifold X C M representing a. (To make this rigorous one has to pass to 
some finite dimensional approximation of EG, a compact submanifold of M 
with boundary and rational multiples of ai,a2 and a.) Consider the marked 
points := ±v, := 00, and a sequence of gauge classes of vortices 
e Mb, such that ev^+(W^,,) G Xi, ev^-{W^) G X2, and evoo(W^j.) G X. 
By the main result of [Zi3] a subsequence of Wu converges to a stable map 
of (gauge classes of) vortices on and holomorphic spheres in M. In the 
transverse case, this map consists of two classes and of vortices on 
M^, each equipped with a marked point zi G C, and a holomorphic map 
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■u : S"^ — > M, equipped with a marked point z^o & S'^. is attached to u 
at the nodal point oo G U {oo}, for i = 1, 2. The total homology class of 
the stable map equals ev2.(VF*) G Xi, for i = 1,2, and -^(2:00) G X. The 
number of such stable maps equals the right hand side of (4). 

Consider now the marked points := ±l/z/, z'^ := 00, and a sequence 
Wj, e Mb-, such that ev^+{W^) e Xi, cv^-{W„) G X2 and eVoo(W,,) G X. 
Using [Zi3] again, a subsequence of Wi, converges to a stable map of vortices 
on and spheres in M. In the transverse case, this stable map consists 
of a single class W & Mb, satisfying eVoo(VF) G X, and a ghost bubble 
u = j3t e Xi n X2 that is attached to W at some point in and contains 
two marked points. The number of such stable maps equals the left hand 
side of (4) . Equality (4) follows by combining this with the argument of the 
last paragraph and a gluing argument for vortices on and spheres in M. 
The gluing result is part of my future research. 

A similar argument involving an adiabatic limit in the vortex equations 
over will show that Qkg intertwines the genus symplectic vortex in- 
variants with the Gromov-Witten invariants of {M,lD). The idea of proof 
of Conjecture 1 presented here is different from the construction used by 
Gaio and Salamon in [GS]. They use an adiabatic limit argument, which 
fails in the more general situation considered here, because of bubbling off 
of vortices on R^. 

Assume now just that (H) holds and (M, uj) is equivariantly convex at 
00. We denote by GWg{M,lo) the G-equivariant Gromov-Witten theory 
of {M,(jj). In joint work with Christopher Woodward [WZ] we interpret 
Qkg as a morphism of cohomological field theories between GWg(M, a;) 
and GW(M,Lj). We formulate "functoriality" for GW, under reduction in 
stages. We also conjecture quantum generalizations involving Qkg of non- 
abelian localization and abelianization. 

For a vector bundle E ^ X and k G NU {0} we denote by T{E) the space 
of its smooth sections and by (E) the bundle of A;-forms on X with values 
in E. For an almost complex manifold X and a complex vector bundle 
£' — > X is we denote by /{''^ (E) X the bundle of anti- linear one- forms on 
X with values in E. We equip the bundle TM" = {u*TM)/G with 
the complex structure induced by J. We define 

B:= C^{P,M) X A{P), 

£:= {{w-C)\w(^ B, C G r(A°'' (TM") x A'(TM-))}, 

S:B^£, Siu,A) := {dj,Aiu), Fa + (fi o u)u;j:) . 

The group Q acts naturally on B and £. We denote by B := B/Q and 
£ := £/Q the quotients. The map S is ^-equivariant, and hence induces 
a map S : B ^ £. Note that <S~^(0) C B is the set of gauge classes of 
vortices. Assume that the action of ^ on B is free. (This is satisfied for 
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E := E?, loj: := and j := i under hypothesis (H), see Lemma 29 below.) 
Then heuristically, B is an infinite dimensional manifold, £ is an infinite 
dimensional vector bundle over B, and 5 is a smooth section of £. 

Assume that W £ 5~^(0). Then formally, there is a canonical map T : 
'^{W,o)^ ~^ ^w, where £w ^ ^ denotes the fiber over W. The vertical 
differential of S at W is given by (fS{W) = TdS{W) : TwB £w Let 
w := {u,A) e W he a representative. We denote by : Lie(^) — Ty^B 
the infinitesimal action of Q on B. Formally, T^jB = r(rM" A^(9p))> 
Lie{Q) = T{qp), and L^^ = (L^^, -d^O- 

Assume that B and Lie(^) are equipped with a ^/-invariant Riemannian 
metric and ^-invariant inner product respectively. For w e B we denote by 
: TwB —>■ Lie(^) the adjoint of L^. Then formally, the tangent space 
T\yB is the quotient of the disjoint union of ker L^, with w ranging over all 
representatives of by the linearized action of Q. We now equip M with 
the Riemannian metric a;(-, J-), and TM" with the induced bundle metric. 
The bundle gp inherits a bundle metric from {•,-)g- Wc equip Lie(^) and 
TyjB with the corresponding inner products. Then LJ^ is given by 

(5) Ll{v,a) = Llv - d\a. 

Here we view as a map from flp to TM''^, and we denote by L* : TM^ 
Qp the adjoint of L^, and = — * (Ia*, where * denotes the Hodge-star 
operator on sections of Qp with respect to the metric a;s(-,J-)- 

The Levi-Civita connection V of 6<j(-, J-) and A induce a connection V"^ 
on TM" (see Section 2). For w & B consider the operator : ker —>■ Syj, 

(6) VUv, a) := ( (^^^ + Y^"' " ^/(V. \ 

\ aAO! + We dfi[u)v ) 

For W G 5-^0) the map (i^ S{W) : T^B Sw is given by d^S{W)g*{v, a) -- 
g*Vu,{v,a). (This follows for example from [CGMS], formula (23), p. 27.) 

Consider now the case E := M^,a;jj2 := ujq and j := i. The purpose of 
this article is to find a Banach space setup in which the vertical differential 
d^S{W) is Fredholm. To this end, let n G N, p G [l,oo], A G M, and 
/ : R" — R be a measurable function. We denote := ||/||lp(M") € 

[0, go], and define ||/||p,A := ||/(1 + | • P)^||p- Assume now that p > 2. 
We denote by W^^Iq{P,M) and A\^^{P) the spaces of G-equivariant maps 
from P —> M and connections on P, of class locally W^'^. We abbreviate 
■■= KlaiP^M) X A'o^(P), and we define 



C^) •= {(^' ^) ^ ^foc I ^(-P) compact, II .ye^Wp^x < oo}. 

Furthermore, we denote by Gi^ciP) the group of locally W^'P gauge trans- 
formations on P, and we define B^ := B^JQ^^{P). 
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Let w := {u,A) € fi^ be a smooth pair. V,A and the Lcvi-Civita con- 
nection of the standard metric g^2 on induce a hnear connection V"^ on 
TM" e /\\gp). For C := {v, a) G W/^'f (TM" A^flp)) we define 

(8) K\\w,p,X ■■= llClloo + II IV^CI + mu)v\ + \a\ G [0, oo]. 

Here the pointwise norms are taken with respect to the metrics lo{-, J-) and 
^'1^2, and (•,-)g. We define 

(9) XS,'' ■■= {C e W^^^{TM^ /\'(0p)) I Lie = 0, ||C|U,p,A < oo}, 

(10) yi'>^ := {C G Lf,,(/\°''(rC,TM") /\'(0p)) I ||C'||p,A < oo}. 

Here is as in (5). In [Zi4], the set wiU be equipped with a Banach 
manifold structure, such that for every W e admitting a smooth rep- 
resentative w e B^, the tangent space TwB^ can be identified with X^^. 
Furthermore, the spaces wih be identified with the fibers of a Banach 
bundle Si i3^. 

From now on throughout this article, we assume that hypothesis 
(H) is satisfied. 

We denote by m{w) the Maslov index of w, see Section 2. The main result 
of this article is the following. 

2. Theorem. Assume that dimM > 2dimG. Let p > 2, A > 1 — 2/p and 

w := {u, A) E B^ be a smooth pair. Then the following statements hold. 

(i) The normed vector spaces X^'^ and are complete. 

(ii) If 1 — 2/ p < A < 2 — 2/p then the operator T>^'^ : X^'^ 3^£''^ given by 
the formula (6) is well-defined and Fredholm of real index indP^;'^ = 
dim M - 2 dim G + 2m{w) . 

The condition 1 — 2/p < A < 2 — 2/p in this theorem captures the geometry 
of finite energy vortices. More precisely, let w := («, A) G be a finite 
energy vortex such that u{P) C AI is compact. Then for every e > there 
exists a constant C such that 6.^,(2) < C|z|~*^+^, for every z ^'M? \ Bi (sec 
[Zi2], Corollary 4). It follows that u; G if A < 2 - 2/p. This bound is 
sharp. To see this, let A > 2 — 2/p, let M := S'^,oj := uq,G := {e} and 
J -.= 1, and consider the inclusion u : ^ = U {00}. 

On the other hand, every w £ B^ satisfies E{w) < 00 if p > 2 and 
A > 1 — 2/p. The latter condition is sharp. Namely, let A < 1 — 2/p, and 
consider M := with the standard symplectic form loq, complex structure 
J := i and the action of the trivial group G := {e}. We choose a number 
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2 < a < 3 - 2/p - A and a smooth map n : ^ 5^ = C U {oo} such that 
u{z) = for z(^m?\Bi. Then (w, 0) G Bl and E{u, 0) = oo. 

The condition A < 2 — 2/p is also needed for to have the right 
Predholm index. Namely, let A > 1 — 2/p be such that A + 2/p Z, and 
w ^ B^. Then the proof of Theorem 2 shows that V'^'^ is Fredholm with 
index equal to (2 — fc)(dimM — 2dimG) + 2m{w), where k is the largest 
integer less than A + 2/p. In particular, the index changes when A passes 
the value 2 — 2/p. 

The definition of the space Xw is natural, since it parallels the definition 
of By Namely, by linearizing with respect to u and A the terms dAU, Fa and 
jjLou occurring in the energy density e^, we obtain the terms V'^C) dfi{u)v 
and L„a. These expressions occur in ||C||«i,p,A) except for the factor Ly^ 
in LuCt. (It follows from (H) and Lemma 30 (appendix) that this factor 
is irrelevant.) The expression ||C||oo is needed in order to make || • \\w,p,x 
non-degenerate. 

Remark. Naively, one could define the domain ofV^ to he the kernel of 
L'^ defined on the space of usual W^''^ -sections, and its target to consist of 
LP -sections. However, then in general T>^ would not have closed image, and 
hence is not Predholm. Note also that the 0-th order terms a ^ {LuOi)^'^ and 
V 1-^ LjQ dfi{u)v in (6) are not compact (neither with and yfj'^ defined 

as in (9,10) nor the naive choices). The reason is that the Kondrachov com- 
pactness theorem fails on . Observe also that because of these terms, 
is not well-defined if we choose spaces that look like the standard (weighted) 
Sobolev spaces in "logarithmic" coordinates r+iip (with e'^+*'^ = z G C\{0} ). 

The proof of Theorem 2 is based on a Fredholm result for the augmented 
vertical differential (Theorem 5) and surjectivity of (Theorem 6). The 
proof of Theorem 5 has two main ingredients. The first one is a suitable 
complex triviahzation of the bundle TM"©/\^(gp). For R large, z G 'R^\Br 
and p G 'k~^{z) C P this triviahzation respects the splitting Ty^f^-^M = 
(iniL^j^pP-*- imL^(.p^, where : g C — T^M denotes the complexified 
infinitesimal action, for x G M. The second ingredient are two propositions 
stating that the standard Cauchy-Riemann operator dz and a related matrix 
differential operator are Fredholm maps between suitable weighted Sobolev 
spaces. These results are based on the analysis of weighted Sobolev spaces 
carried out by R. B. Lockhart and R. C. McOwen. (See [Lo3] and references 
therein.) Note that for a compact Riemann surface E without boundary, in 
[CGMS] K. Cieliebak et al. proved that the augmented vertical differential 
of the vortex equations is Predholm. 

Organization of the article. Section 2 contains some background about 
the connection V"^ and the definition of the Maslov index m{w). In Section 
3.1 a Predholm theorem for the augmented vertical differential (Theorem 5), 
and an existence result for a right inverse for (Theorem 6) are stated. 
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Furthermore, the main result is deduced from these results. Section 3.2 con- 
tains the core of the proof of Theorem 5. Here the notion of a good complex 
trivialization is introduced and an existence result for such a trivialization is 
stated (Proposition 8). Furthermore, a result is formulated saying that every 
good trivialization transforms into a compact perturbation of the direct 
sum of dz and a matrix operator (Proposition 9). The results of Section 3.2 
are proved in Section 3.3. In Section 3.4 Theorem 6 is proved, using the 
existence of a right inverse for (Proposition 11). Appendix A contains 
a Hardy-type inequality, which is used in the proof of Proposition 9, some 
standard embedding and compactness results for weighted Sobolev spaces, 
and Fredholm results for the Cauchy-Riemann operator and a matrix valued 
operator on (Propositions 16 and 19 and Corollary 18). In Appendix B 
Proposition 11 is proved. Appendix C contains some other auxiliary results. 
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2. Background and notation 

The connection V^. Let E ^ M he a real (smooth) vector bundle. We 
denote by C{E) the affine space of (smooth linear) connections on E. Let 
G C{E). Let be a smooth manifold, and u : N ^ M he a, smooth 
map. We denote by u*E N the pullback bundle. The pullback connection 
u*V^ G C{u*E) is uniquely determined by {u*V^)vS ou = V^^^s, for every 
V G TN and every s G r(£'). Let G be a Lie group, it : P ^ X a (right- 
)principal G-bundle, and E ^ P a G-equivariant vector bundle. Then the 
quotient E/G has a natural structure of a vector bundle over X. Let now 
E —>■ M he a G-equivariant vector bundle. We denote by C'^{E) the space 
of G-invariant connections on E. We fix ^ G -^(-P)) ^ C^{E), and 
u G C^{P,M). We define G C^{u*E) by V§s := {u*V^)^_pAvS, for 
s G T{u*E),^p G P, and v G TpP. We denote E"" := {u*E)/G X. The 
connection V"^ is basic (i.e. G-invariant and horizontal), hence there exists a 
unique 

g Q(^^u^ ^^^Yi the following property. Let s G r(£;") and v G TX. 
Wc define V^s := G • (poj V~s}, where {po,v) G TP is such that vr^-u = v, 
and s G r{u*E) is a G-invariant section such that s o 7r(p) = G • ip,s{p)), 
for every p e P. Assume now that X is an open subset of M", and let 
^ : X X V ^ E he a bundle map (fixing the base). We define V"^^' by 
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{V^^)w := V^^(^w), for every x & X , v & TxX and w eV. (Here we think 
of u; as a constant section of X x V.) 

The Maslov index. Let M, cu, G, q, {■, •)g, fi and J be as in Section 1, S = 
M^,u;k2 = LOo,j = i, P ^ a principal G-bundle, p > 2, A > 1 — 2/p and 
w = {u,A) G B^. The definition of the Maslov index of w is based on the 
following. 

3. Proposition. There exists an extension of P to some smooth G-bundle 

P —>■ S'^ =]R^U{cx)}, such that u extends to a continuous map from P to 
M. Furthermore, ifPi,P2 are two such extensions of P andui,U2 the cor- 
responding extensions of u, then there exists an isomorphism of continuous 
G -bundles : Pi — ^ P2 such that ui = S2 o 

The proof of Proposition 3 is postponed to the appendix (page 37) . We 
choose P and u as in Proposition 3. Then lo induces a fibcrwise symplectic 
form ui on the continuous bundle TM" = {u*TM)/G ^ S^. 

4. Definition (Maslov index). We define the Maslov index m{w) to be the 
first Chern number of {TM^,u;). 

It follows from Proposition 3 that m{w) does not depend on the choice of 
the extension P. Note that it only depends on the gauge equivalence class of 
w. The condition A > 1 — 2/p is needed for m{w) to be well-defined for w G 
B^. Consider for example the case M := M^,a; := uq, J := i and G := {e}. 

Let p > 2 and A < 1 — 2/p. We choose < e < 1 — 2/p — \, and a smooth 
map u : R"^ ^ = C such that u{z) = sind^H, for z e R"^ \ Bi. Then 
{u,0) G B^, and ti(re'"^) diverges, as r ^ 00, for every 99 G M. Therefore, we 
can not associate any Maslov index with (n, 0). 

3. Proof of the main result 

Let M, u, G, 0, (■, •)g, /V, and J be as in Section 1 (assuming hypothesis (H)), 
S := M^,ti;R2 := wq, j := i and P ^ a principal G-bundle. In the present 
section we always assume that n := (dimM)/2 — dimG > 0. 

3.1. Reformulation of the Fredholm theorem. Let p > 2, A G M, be 

defined as in (7), and w := (u, A) G be a smooth map. We denote imL := 
{{x, LxC) I x G M, ^ G 0}, and by Pr : TM TM the orthogonal projection 
onto imL. Pr induces an orthogonal projection Pr" : TM'^ — > TAf" onto 
(w*imL)/G. For C = {v,a) G TM" © /^{qp) we write Pr"C := (Pr"i;,a). 
Note that imL is in general not a subbundle of TM, since the dimension 
of imLj; may vary with x G M. For C G Wj^f (TM" © f^{Qp)) we define 
IICII := ||CIU,p,A + ||Pr"Cllp,A, where ||CIU,p,A is as in (8). Recall the definition 
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(10) of D^S' . We define 

(11) := ^^'^ := (C G Wl^{TM- © A'(0p)) | IICL,p,A < oo}, 

(12) 3^«,:=3^S'^=3^S'eL^(0p), 

(13) v^:=vP^^:xZ'^ ^yl;^, v^c-ii^wCKO- 

Here Pm,C is defined as in (6). Note that the map : X^ L^(gp) 
given by L^(t;,Q!) := L*f — d^a is well-defined and bounded. This follows 
from the fact L* = L* Fvx (for every x £ M) and compactness of u{P). 

5. Theorem. Let p > 2 and A > —2/p+l be real numbers, and w := 
{u, A) G B-^ a smooth pair. Then the following statements hold. 

(i) The normed spaces {X^'^, \\ ■ \\w,p,x),yw^ o,nd L^^{gp) are complete. 

(ii) Assume that — 2/p + 1 < A < — 2/p + 2. Then the operator T>^^ : 
Xw^ — ^ is Fredholm of real index 

(14) indPP'^ = 2n + 2m{w). 

This theorem is proved in Section 3.2. The proof relics on the existence 
of a suitable trivialization of TM" ® t\{Qp) which the operator T>^'^ 
becomes standard. 

6. Theorem. Letp> 2, X> 1- 2/p, and w := {u, A) e B^n B. Then the 
map : X^ — > L^(gp) admits a hounded (linear) right inverse. 

The proof of Theorem 6 is postponed to Section 3.4 (see page 21). It is 
based on the existence of a bounded right inverse for the operator d\ over a 

compact subset of M" diffeomorphic to Bi (Proposition 11) and the existence 
of a neighborhood J7 C M of //~^(0) such that inf {l-Z^i^l | x G C/, ^ G g : 
\i\ = 1} > 0. We define 

(15) M* := [x G M\gx = x^ g = l}. 

Proof of Theorem 2. Let p > 2, A > 1 — 2/p, and w := {u,A) G be a 
smooth pair. We prove (i). 

1. Claim. We have X^ := X'^^ = K := ker (L^ : X^ L^(0p)), and the 
restriction of the norm \\ • \\w,p,x to X^ is equivalent to \\ ■ ||m,,p,a- 

Proof of Claim 1. It suffices to prove that Xyj C K and this inclusion is 
bounded. It follows from hypothesis (H) that there exists 5 > such that 
IJ'~\Bs) C M*. We have c := min{|L^^| | a; G fi'^Bs), C G : |^| = l} > 
0. Lemma 30 below implies that there exists i? > such that u{P\-^2\£^) C 
IJ,^^{Bg). Let ( = (f,a) G X^,. Then L*?; = d\a, and thus, using the last 
assertion of Remark 27 below, 

||Pr"^;||p,A < c-^\\Llv\\p,x < c-^||V^a||p,A < c-^||C|U,p,A < oo. 
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Hence X^j ^ K, and this inclusion is bounded. This proves Claim 1. □ 

Part (i) follows from part (i) of Theorem 5 and Claim 1. Part (ii) follows 
from part (ii) of Theorem 5, Theorem 6 and Lemma 24 (appendix) with 
X := X^,Y := y^, Z := L^(gp), D' : ^ given by (6) and T := L*^. 
This proves Theorem 2. □ 

3.2. Proof of Theorem 5 (augmented vertical differential). We de- 
note by s and t the standard coordinates in M?. For v G we denote 
(v) := ^/l + \v\'^. For d G Z we define : C ^ C, Pd{z) := z'^. We equip 
the bundle /^{qp) with the (fiberwise) complex structure Jp defined by 
Jpa := —ai. Furthermore, we denote g*^ := g (8)r C, V := C" g*"-- g"^, 
and for a G C wc denote by a ■ ©id : V ^ V the map (?;^, . . . , v", a, (5^ i— >■ 
(av^ ,v'^, . . . , w", a, /3) . For x G M we write : g*^ ^ T^M for the complex 
linear extension of L^. We define 

Hx ■■= kerdiJ,{x) Ci (imL^;)"^, Vx G M. 

Note that in general, the union H of all the H^s is not a smooth subbundle 
of TM, since the dimension of may depend on x. However, there exists 
an open neig hborhood U C M of n~'^{0) such that H\ U is a subbundle of 
TM\u. Let p > 2, A > -2/p + l and w := {u,A) G be a smooth pair. For 
2; G we define := {G ■ {p,v)\pe tt~^{z) Q P, v £ -f^„(p)}. Consider a 
complex trivialization (i.e. bundle isomorphism fixing the base M^) 

^' : R2 X y ^ TM" © f\{Qp). 

7. Definition. We call good, if the following properties are satisfied, 
(i) (Splitting) For every z G we have 

(16) ^',(C"©g'^©{0}) =rM«©{0}, 

(17) ^.({0} © {0} © g*^) = {0} © /\\gp). 

Furthermore, there exists a number R > 0, a smooth section a of P ^ 
'M? \Bi, and a point x^o G //~^(0), such that the following conditions 
are satisfied. For every z G \ Br we have 

(18) *^(C"0{O}0{O}) = iJ^, 

u o a{re^'^) converges to x^o, uniformly m G as r ^ 00, a* A G 
L^(M2\Si,g), andfor every z G R'^XBr and {a,/3 = ip+i'^) G g^0g''^, 
we have 

(19) ^.(0,«,/3) = (G- (noc7(z),Lj;„,(,)(a)),G- (a(z),(^ds + ^dt)). 
(ii) There exists a number (7 > such that for every {z, Q eB? x V 

(20) c-'\c\ < i^.iizr^'"^ ■ 0id)c| < cici. 
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(Hi) We have | V^(^(p„(^) • ©id)) | G ^^(M^ \ Bi). 

8. Proposition. If p > 2, X > —2/p+ 1 and w := {u,A) G is smooth 
then there exists a good complex trivialization of TM^ © f^idp)- 

The proof of this proposition is postponed to subsection 3.3 (page 14). 
The next result shows that a good triviahzation transforms into some 
standard operator. For a = («!,...,«„) G (N]J{0})" we denote \a\ := 
^"=1 ai and d"" := d^' ■ ■ ■ d^" . Let 1 < p < oo, n G N, A; G N U {0}, A G M, 
Q C M" an open subset, W a real or complex vector space, and u : ^ ^ W 
a fe-times weakly differentiablc map. Wc define 

|a|<fc 

\\^\\w^'''(n,w) '■= ^ \\{-)^^"u\\Ln^,w) (^[0,oo], 

\a\<k 

(21) L''/{n,W) := {^xG W£f(n,t^)|||n||^.,, <oo} 



(22) W',^P{n,W) := {ne<f(r2,W^)|||^.||^.„(^_^)<oo}. 

If (Xi, II • ||i), i = 1, . . . , k, are normed vector spaces then we endow Xi © 
•••© Xfe with the norm ||(xi, Xfc)|| := ^J|xi||j. Let d G Z. If d < 
then we choose po G C°°(]R^, [0,1]) such that po{z) = for |z| < 1/2 and 
Po{z) = 1 for |z| > 1. In the case d > wc set po := 1. The isomorphism 
of Lemma 12 (appendix) induces norms on := CpoPd + L^^^^_^{M.'^ , C) 

and ^^'^^ := C^-^ + l];^^{R'^ ,C^^^)- We define 

:= ^J'" := 4,,, © © wI'^{R\q'^ © fl^), 

% := y/ := L^_^(M^ C) © (M^, C^"^ © fl^ ® gC) _ 

For a complex vector space TV we denote by dY (d^) the operator ^{dg+idt) 
{^{dg — idt)) acting on functions from C to W. We denote by (•, •)g the 
hermitian inner product on g*^ (complex anti-linear in its first argument) 
extending (■, We define 

(23) Fi : TM" ^ A°''(rC,rM«),F2 : A'(flp) ^ A'(Sp) ® 0p> 

by Fi{v) ■— {ds-Jdt)v and F2{(pds+ipdt) := {tpdsAdt, (p), and F := Fi©F2- 

9. Proposition (Operator in good trivialization). Let 2 < p < (X), X > 

-21 p + 1, u; := (u, A) G &e smoot/i and : x y ^ TM" © A^(0p) « 
^ood trivialization. Then the following statements hold, 
(i) The following maps are well-defined isomorphisms of normed spaces: 

(24) x^^^^3C,^'i>C^X^, S^mH 9 C ^ e 5^^ 
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(ii) There exists a positive C-linear map Soo : 0^ ^ 0^ (i-e. {SooV, w)g > 
for every / i; G q^) such that the following operator is compact: 

(25) S := - C e '^^^c ^ : ^ ^-W 

The proof of Proposition 9 is postponed to subsection 3.3 (page 17). It is 
based on some inequalities and compactness properties for weighted Sobolev 
spaces (Proposition 13) and a Hardy-type inequahty (Proposition 14). 

Proof of Theorem 5. Let p > 2, X > —2/p + 1, and let w := {u,A) £ 
be a smooth pair. The space (21) is complete, see [Lol]. By Proposition 
13 (ii) (appendix) the same holds for the space (22). Combining this with 
Propositions 8 and 9(i), part (i) follows. Part (ii) follows from Proposi- 
tions 8 and 9(ii), Corollary 18 and Proposition 19 (appendix). This proves 
Theorem 5. □ 

10. Remark. An alternative approach to prove Theorem 5 is to switch to 
"logarithmic" coordinates t -\- icp (defined by e^'^^'^ = s + it G IR^ \ {0}j. 
In these coordinates and a suitable trivialization the operator P^''^ is of the 
form dr + A{T). Hence one can try to apply the results o/[RoSa]. However, 
this is not possible, since A{t) contains the operator v i— e'^'^ dfi{u)v dr A dip , 
which diverges for r — ^ oo . 

3.3. Proofs of the results of subsection 3.2. 

Proof of Proposition 8 . Let p, A and w be as in the hypothesis. We choose 
a section a of P\^2\^b^ and a point ^(0) as in Lemma 30. 

1. Claim. There exists an open G -invariant neighborhood U CI M of 
such that H\u is a smooth subbundle of TM with the following property. 
There exists a smooth complex trivialization : U x C'' ^ H\u satisfying 
^gx'^o = ■= g'^^{x,vo), for every g eG, x eU and vq G C". 

Proof of Claim 1. By hypothesis (H) we have x^o G M*, where M* is defined 
as in (15). We choose a G-invariant neighborhood Uq C M* of x^o so 
small that kevdfi{x) and (iniLx)''" intersect transversely, for every x G Uq. 
Then H\uf^ is a smooth subbundle of TM\uf^. Furthermore, by the local 
slice theorem there exists a pair {U,N), where U C Uq is a G-invariant 
neighborhood of x^ and N <^ U is a submanifold of dimension dimM — 
dimG that intersects Gx transversely in exactly one point, for every x GU. 
We choose a complex trivialization of if [at and extend it in a G-equivariant 
way, to obtain a trivialization '^'^ of H\u. This proves Claim 1. □ 

We choose U and as in Claim 1. It follows from Lemma 30 that there 
exists R> 1 such that u{p) G U, for p G 7r-^(z) Q P, ii z e'M?\ Br. We 
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define : (M^ \ Br) x (C" © g*^) ^ TM« = {u*TM)/G by 

a) = G • (n o aiz), ^^^^^^ • ©id)^;o + i^o.(.)«) > 

This is a smooth complex triviaUzation of TM" |]r2\b^. 

2. Claim. ^°°|c\Bfl+i extends to a smooth complex triviaUzation ofTM^. 

We define / : C \ {0} ^ by f{z) := z/\z\. 

Proof of Claim 2. We choose a complex triviaUzation *° : Br x (C^Qg/^) 
TM^Ib^. We define ^ : Sj^ := {z E C\\z\ = R} ^ Aut(C^ © q^) by 

Mvo,a) := (*°)-i(G- (uoa(2:),<,(,)^o+i^^o.(.)«))- 
For a continuous map x : S}^ ^ we denote by deg(x) its degree. 

3. Claim. The index m{w) equals deg{f o del o^) . 

Proof of Claim 3. We define P to be the quotient of PU (('5'^ \ {0}) x G) 

under the equivalence relation generated by p ~ {z,g), where g £ G is 
determined by (j{z)g = p, for p G tt~^{z) C P, z g C \ {0}. Furthermore, 
we define 5 : P — > M by u{\p\) := u(j)), for p G P, and u{[oo,g]) := 
g^^Xoo, for g e G. The statement of Lemma 30 implies that this map is 
continuous and extends u. The (fiberwise linear) complex structure u*J on 
u*TM descends to a complex structure J on TM"^ = {u*TM)/G 5*^. By 
definition, we have m{w) = ci(rM", j). We define the local triviaUzation 
: \ Br) X (C" © Q^) TM^ by 

Then $2 = (*°)~^*^, for z G iS^, and therefore $ is the transition map 
between and Claim 3 follows from this. □ 

By Claim 3 and Lemma 25 in the appendix the maps $ and 3 z ^ 
(^^m{w) .0jj^ g Aut(C"'©g'^) are homotopic. Hence there exists a continuous 
map h: Br\Bi^ Aut(C" © q^) such that := h{z) = • ©id), if 

z eSl, and h, = ^{z), ii z e S^. We define * : x (C^ © g"^) ^ TM" 
by := *oo \ j^j^^j *2(wo,Q;)^:= ^'°/i2(2-"^("') • ©id)(i;o,a), for 

z G Br, {vq, a) G C"" © g"-". Smoothing ^ out on the ball Pr+i, we obtain 
the required extension of ^°°|c\Sh+i- This proves Claim 2. □ 

We define : (R^ \ Br) x g^ ^ A\iPW^\Bn x by 
^f{(p + itp) -G- {a{z),(pds + tpdt). 

4. Claim. *°°|r2\b^^j extends to a smooth complex triviaUzation of the 
bundle /^{qp) ^C. 
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Proof of Claim 4. We denote by Ad and Ad the adjoint representations 
of G on g and g*^ respectively. For every g E G we have det(Adg) = 
det(Adp) G M. We choose a continuous section a of the restriction J'Ib^. 
We define g : Sj^ ^ G to be the unique map such that (7{z) = '(T{z)g{z), for 
every z G Sj^. It follows that / o dct(Adg ) = ±1. Therefore, dcg (^Sji 3 z ^ 
f o dct(Ad^^^-j)) = 0. Hence Lemma 25 (appendix) implies that there exists 
a continuous map $ : Br Aut(g^) satisfying '■= ^(z) = Ad^^^-j, for 
every z G S}^. We define * : x gC ^ /\i (gp) by $ := on \ Br and 
by := G ■ (a, ip'ds + ip'dt) , where ip' + i-^' := $^0;, for z G -Bij, a G g"^. 
Smoothing out on the ball Br^i, we obtain the required extension of 
*°°lR2\Bfl+i- This proves Claim 4. □ 

We choose extensions ^ and ^ of and as in Claims 2 and 4. 

5. Claim. ^' := ^ © is a good complex trivialization ofTM'^ © /^{Qp)- 

Proof of Claim 5. Condition (i) of Definition 7 follows from the construction 
of To prove (ii), note that for z G \ Br^i and [vq, a, j3) G V , we have 

(26) |^',(z-(-) • ©id)(.;o,a,/3)|' = Ko,(,)^;o|' + |i^^o.(.)«|' + 

Here we used the fact = (imL^)-*-, for every x G M. By our choice of U, 
H\u C TM\u is a smooth subbundle of rank dimM — 2dimG. It follows 
that \m.L'^\u = H^\u is a smooth subbundle of TM\u of rank 2dimG. 
Hence : g*^ — > T^M is injective, for every x E U. Since by assumption 
u{P) C M is compact, the same holds for the set 'w(P|]r2\5^^^) C u{P). It 
follows that there exists a constant C > such that 

C-'\vo\ < Koai.M ^ ^l^ol' ^ < C\a\, 

for every ^ G \ Br^i, vq G C" and a G g^. Combining this with equality 

(26) , condition (ii) follows. 

We check condition (iii). Let := (^VQ,a,(3 = if + iip) G z G M?\Br^i 
and V G T^M?. We choose a point p G 7r~^(2;) C P and a vector u G TpP 
such that 7r*u = v. Then 

(27) Vti^iPmiu,} ■ ©id)(^;o,«)) = G ■ {uip),Vii^'^vo + L^a)). 
Furthermore, for every smooth vector field X on U we have 

(28) V^X = iu*V)^_pAvX = VdAu-vX. 

We define G to be the maximum of \Vy>{^^v" + L^a)\ over ah v' G T^M, 
G "(^|M2\Bfl+i) and {v",a) G C" © g^ such that \v'\ < 1, \{v",a)\ < 1. 
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Furthermore, we define C := \\dAu\\]^p^(^^2\^^^_^^y By (27) and (28) with 
X{x) := ^'^f + L'^ct, we have 

(29) \\V^{^{Pm(u,) ■ ®id)(^;o,a))||^P(^2^5^^^) < CC'\v\\{vo,a)\, 

We now define ^, ■0 : -P — ^ 5 to be the unique equivariant maps such that 
(foa = ^p,t|Joa = ^l^. We liave dA^cr*v = [{a*A)v, (p\^ and similarly for tp. 
Since V^^y{(fds + 'ipdt) = {dA'^cr^v)ds + {dAi^o'*v)dt, it follows that 

\V^{^{^ds + ^dt))\ = \G- {aiz),V^^y{[pds + 4>dt)) \ = \ [ia*A)v,f3]\. 

Combining this with (29) and the facts dAU G L^^{R'^\Br+i) and ||cr*^||p,A < 

00, condition (iii) follows. This proves Claim 5 and concludes the proof of 
Proposition 8. □ 

Proof of Proposition 9. Let p,X,w = {u,A) and ^' be as in the hypothesis. 
We choose po £ C°°(M?, [0, 1]) such that poiz) = for z G B1/2 and po{z) = 1 
for z€R^\Bi. We fix i? > 1, a and Definition 7 (i). We abbreviate 

d := m{w). 

We prove (i). For every C G Wj^'^ (R2, V) Leibnitz' rule implies that 

(30) v^(*0 = (v^(*(pd-eid)))(^>_d-eid)c+*(i>d-eid)L»((p_rf-eid)c). 

1. Claim. The first map in (2A) is well-defined and bounded. 

Proof of Claim 1. Proposition 13(i) below and the fact A > —2/p-\- 1 imply 
that there exists a constant Ci such that 

(31) l|(0"'-©id)C|L<Ci||C||;e^, VCG^d. 

We choose a constant C2 := C as in part (ii) of Definition 7. Then by (20) 
and (31), we have 

(32) ||*CI|oo<ClC2||C||;f^ VCG-^d. 

It follows from (18) and (19), the definition := ker (i|u(x) PI imL^ and the 
compactness of u{P) that there exists Cs G M such that, for every ^ G X^, 

(33) II \dfi{u)v'\ + |PrV| + \a'\ ||^ , < CsUW^^, 

where {v',a') := ^'C- For r > wc denote := \ Bj. and || • ||p,A:r : = 
II • ll^p(^c). We define C4 := max {||V'^(^(p(i-©id)) [|^ C2}. By condition 

(iii) of Definition 7 we have C4 < 00. Let ( G A'^/. Then by (30) we have 

(34) ||V^(^C)||p,A;l < C4\\{p^d ■ ©id)C|lLoo(Bf ) + \\D{{p-d ■ ©id)C)||^_,^J. 

We define C5 := max { - d2^-'^+^y^ ,2} . Then \\D{{p^d ■ ©id)C)|| ^-i ^ 
^sll'sll^d Proposition 13(iv). Combining this with (34) and (31), we get 

(35) ||V^(*C)IUa;1 < C4(2^Ci + C5)||Cb^. 
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By a direct calculation there exists a constant Cq such that ||V'^(\1'C)IIlp(Bi) — 
CellCII^^^, for every ( G JY^. Claim 1 follows from this and (32,33,35). □ 

2. Claim. The map Xu, 3 C ^ *~^C' ^ '^d is well-defined and bounded. 

Proof of Claim 2. Wc choose a neig hborhood ^7 C M of /i^HO) 

as in Lemma 

28 (appendix), and define c as in (65), and Ci := max{c~^,l}. Since uo 
(T(re"^) converges to x^, uniformly in £ M, as r — > cxd, there exists R' > R 
such that u{p) G U, for every p G 7r-^(5g,) C P. Then (18,19) and (65) 
imply that 

(36) II < Ci||^'(0,a,/3)||^_,^^, < CillC'IU, 
where (^0,0,/?) := ^''"^C') for every C G Xd- 

3. Claim. There exists a constant C2 such that for every C,' G Xy^, we have 

(37) ||D((poP-d-eid)^'-ic')Lp(M2) < CsllC'IU- 



Proof of Claim 3. It follows from equality (30) and conditions (ii) and (iii) 
of Definition 7 that there exist constants C and C such that 



\D{{p_a-m^-\'n\p,x,i 



"0 

(38) < c(||v^c'IU + ||v^(^(prf • ©id)) llp^JIC'lloo) < c'WCU 

for every C,' G Xyj. On the other hand, Leibnitz' rule implies 

Hence by a short calculation, using Leibnitz' rule again, it follows that there 
exists a constant C" such that 

||i)((poP-d-eid)*-iC')ILp(Bo 

for every C,' G Xyj. Combining this with (38), Claim 3 follows. □ 

Let C' S X^. We denote C := {vQ,a, fi) := (pojO-d • ©id)^^^C'- By inequality 
(37) the hypotheses of Proposition 14 with n := 2 and A replaced by A — 1 
are satisfied. It follows that there exists Coo '■= ('"oo) «oo) /5oo) G F = C" © 
gC such that C,{re^'^) — (^00 uniformly in G M, as r — 00, and 

(39) ||(C-Coo)M^-ii..K2) < (dimM+2dimG)p/(A+2/p)||L>C|-'"ll 



Since A > —2/p+l, we have j^c {•Y'^ = 00. Hence the convergence (5, /3) 

(aoo,/3oo) and the estimate (36) imply that (aoo,/3oo) = (0,0). We choose 
a constant C > as in part (ii) of Definition 7. The convergence vq — -y, 
and the first inequality in (20) imply that 

(40) boo|< N||oo<2^C||C'||oo. 



00 
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We define . . . ,t;",a,/3) := 5' - {poPdv}^,vl^, . . . ,v^,0,0) . Proposi- 
tion 13(iv) in tlie appendix and inequalities (39) and (37) imply that there 
exists a constant Ce (depending on p, A, d and but not on (') such that 

(41) ||^l||^l.p^_^(^p) + ||(^^...,^;^a,/?)||^,,,^(^^^^ 

Finally, by a straight-forward argument, there exists a constant C7 (inde- 
pendent of CO such that ^ C'/UC'IU- Combining this with 
(36,40,41), Claim 2 follows. □ 

Claims 1 and 2 imply that the first map in (24) is an isomorphism (of normed 
vector spaces). It follows from condition (ii) of Definition 7 that the second 
map in (24) is an isomorphism. This completes the proof of (i). 

We prove statement (ii). Recall that we have chosen R > 0,a and 
Xoo as in Definition 7(i). We define Soc ■ ^ to be the complex linear 
extension of L^^Lx^ • ^ 0- By our hypothesis (H) the Lie group G acts 
freely on //~^(0). It follows that is injective. Therefore is positive 
with respect to (•, •)g . By (16) and (17) there exist complex trivializations 

^-1 : X (C" e g*^) ^ TM", ^2 : x g*^ ^ f\idp), 

such that = © ^2- We denote by i : g'^ ^ C" ©g*^ (pr : C" ©g^ ^ g^) 
the inclusion as (the projection onto) the second factor. We define 

X} := 4'!,_,(M^C)©4•^l(M^C^-l)©M/^l'^(R^g^), := wl'^iR^g^ 

x'^ := xl © xl, xl ■= CpoPd e c^-' e {(o, o)} c x^, 

y', :=L^_,(R^C)©L^(R^C^-l©gC), y^, ■.= LI{R',q^). 

Note that Xd^= X^ + X'^ and ya = yl®yl. We define S : -Y^ ^ 5^<i as in 
(25). Since X^ is finite dimensional, ^l^o is compact. Hence it suffices to 

d 

prove that Slrr, is compact. To see this, we denote 

Q _ ^dsA dtdjiiu) ^ rj. ^ dA ^ 

and we define S\ : X^ y^ (for j = 1, 2) and S\ : X^ yl by 

S\o {F^^>^)-\{VH^)vt\ S\v := -(^1*1)-^ (j(V*,„ J)(dA«)i'72) , 
S\a := (Fi^'i)-i(L„^'2a)°'^ - m/2, S\v := ((^2*2)"'^^! - S^pj:)v, 

Here Fi and F2 are as in (23) and (T^2)« := ^(^'20;), for a G g*^ (viewed 
as a constant section of x g"^). A direct calculation shows that S{v,q) = 
{S\v + -I- S\a,S\v + S\a). For a subset X C denote by 
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Xx '■ ^ {0)1} its characteristic function. It follows that XBjiS\y, is of 

d 

0-th order. Since it vanishes outside Bji, it follows that this map is compact. 

4. Claim. The operators Xeg'S'j; i,j = 1,2, and Xb^'^i ^'^^ compact. 

Proof of Claim 4. To see that the map Xb'^^^i compact, note that Leib- 
nitz' rule and holomorphicity of pd imply that 

(v^*i)0.i = (v^(*i(p<,.eid)))°''(p_d-eid), onc\{o}. 

Since A > 1 — 2/p, assertions (iv) and (i) of Proposition 13 imply that the 
map {poP-d ■ ©id) : A'J — s- Cb{R'^, ® q'^) is well-defined and compact. By 
condition (iii) of Definition 7, the map 

XBgK(*i(w • ®id)))°'' : a(M2,C*^ ©0^) ^ LP{/^'\r^TM^)) 

is bounded. Condition (ii) of Definition 7 implies boundedness of the map 
(Fi^-i)-! : L^(A°'^(M2,TM«)) ^ yj. Compactness of XbcS\ follows. 

By the definition of B^, wc have \dAu\ G L^{M?). This together with 
Proposition 13 (iv) and (i) and Definition 7(ii) implies that the map x_bC'S'\ 
is compact. Furthermore, it follows from Definition 7(i) that = 0. 

R 

To see that Xb'^'^^i i^ compact, we define / : —>■ End(g''-') by setting 
f{z) : —>■ gF' to be the complex linear extension of the map L*^o(j{z)-^uo'^[z)~ 
L*^Lx^ : ^ 0- Since u o a{re'^'^) converges to Xcx>, uniformly in Lp, as 
r oo, the map f{re^^) converges to 0, uniformly in as r — >■ oo. Hence 
by Proposition 13(iii), the map W-^'^\C,g^) 3 a ^ XB'^f^ ^ -^a(*^'0^) i^ 

R. 

compact. Definition 7(i) implies that Xb'^^'^i ~ XB^fP^- follows this 

R R 

map is compact. 

Finally, Proposition 13(i) and parts (iii) and (ii) of Definition 7 imply that 
the map i^ compact. Claim 4 follows. This completes the proofs of 

statement (ii) and Proposition 9. □ 

3.4. Proof of Theorem 6 (Right inverse for LJ^). Let n G N, fc,^ G 

N U {0}, p > n, G a compact Lie group, (•, •)g an invariant inner product 
on g := Lie(G), J7 C M" an open subset, P ^ CI a principal G-bundle and 
A G A.{P). Then A and the standard metric on CI induce a connection V"^ 
on f\\gp). For a € wl^{/\\gp)) we define 

\\a\U,p,A •■= \\a\\^i.v .a) ■= J2 IIC^^)^"IU^(n), 

'^''^ i=o,...,e 

where the pointwisc norms are taken with respect to (•, We denote 
w'/{A\sp)) := {a e Wt'^{/\\gp)) \ \\a\U,,,A < oo}. 
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For a subset X C we denote by intX its interior. For the proof of 
Theorem 6 we need the following. 

11. Proposition. Let n,p, G and (•, •)g be as above and K C M."- a compact 
subset diffeomorphic to Bi. Then for every G-bundle P — intK and A G 
A{P) there exists a bounded right inverse R of the operator 

(42) d\:W'/{^{Qp))^U>{Qp). 

Furthermore, there exist e > and C > such that for every principal G- 
bundle P — > inti^ and every A € A{P) satisfying \\Fa\\p < e the map R can 
be chosen such that \\R\\ := su.^) {\\R£,\\i^p^A \ ^ € -^^(flp) '■ W^Wp < l} < C*- 

The proof of Proposition 11 is postponed to the appendix (page 30). 

Proof of Theorem 6. Let p, A and w = {u,A) be as in the hypothesis. It 
follows from hypothesis (H) that there exists 5 > such that p.~^{Bs) ^ M* 
(defined as in (15)). We define c := inf {|L^^|/|^| | x G //"^(-B^), / ^ G g}. 
It follows from Lemma 30 that there exists a number a > such that 
u{p) G fi~^(Bs), for every p G 7r~^(C \ (—a, a)^) ^ P. Wc choose constants 
£i and Ci as in the second assertion of Proposition 11 (corresponding to 
£ and C, for n = 2). Furthermore, we choose constants £2 and C2 as in 
Lemma 23 (corresponding to e and C). Wc define £ := min{£i,e2}- By 
assumption we have Fa G L^(C). Hence there exists an integer N > a 
such that II-FaILp /'^w „ ^n2^ < ^- choose a smooth map p : [—1,1] 

[0,1] such that p = on [-1,-3/4] U [3/4,1], p = 1 on [-1/4,1/4], and 
p{—t) = p{t) and pit) + p{t — 1) = 1, for all t G [0, 1]. We choose a bijection 
((^,V') :Z\{0}^Z2\{-Ar,...,A^}2. Wedefinep:M^ [0,1] by 

f 1, if \A < N, 

p{t):=< p{\t\-N), if < |t| < AT+l, 
( 0, if |t| > + 1. 

and po : M? ^ [0, 1] by po{s,t) := p{s)p{t). Furthermore, for i G Z \ {0} 
we define /?, : ^ [0, 1] by Pi{s,t) := p{s — (p{i))p{t — il^{i))- We choose 
a compact subset Kq C [— — 1, A + 1]^ diffeomorphic to Bi, such that 
[-N - 3/4, A + 3/4]^ C intAo, and we denote JIq := intAo. Furthermore, 
we choose a compact subset K C [—1,1]^ diffeomorphic to Bi, such that 
[-3/4,3/4] C intif. For i G Z \ {0} we define Qi := intK + {(p(i),tp{i)). For 
i G Z we define T, := d*^ : W^x" {AH{P\n, x q)/G)) ^ Ll{{P\n, x q)/G). 
By the first assertion of Proposition 11 there exists a bounded right inverse 
Ro of To. We fix i G Z \ {0}. Since A > 1 - 2/j9 > 0, by our choice of AT we 
have ll-FAllLP(nj) < ll-^-AllL^(ni) < ^- Hence it follows from the statement of 
Proposition 11 that there exists a right inverse Ri of Tj, satisfying 

(43) Wmw'^^in,) < CiUh^in,), G W''^{gp\nJ. 
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We define 

(44) R:LUsp)^wl;^{/\{sp)), i?^ := ^ • 

Each section ^ : ^ gp induces a section L^^ : — TM". For p G 
7r-^(M2 \ (-iV, Ar)2) C P we have it(p) G l^'^iBs) C M*, and therefore the 
map L*^p^L„(p) : g — > g is invertible. Hence we may define 

for z G M2\(-iV,iV)2, and {RO{z) := 0, for z G {-N,Nf. Furthermore, we 

define R : Lf„,(sp) ^ Ll^{TM^ A'(0p)) by i^C := {R(, -R^)- It follows 
that -t'^-R = id. Theorem 6 is now a consequence of the following: 

1. Claim. R restricts to a bounded map from L^(gp) to . 

Proof of Claim 1. We choose a constant C3 so big that sup^gj-^ 

C3 inf^gfj- {zY'^, for every i G Z. For a weakly differentiable section ^ : — 

0P we denote ||C||i,p,A,A := M\p,\ + NaCIIp.a- 

2. Claim. There exists a constant C4 such that ||^ — d^-RC||i,p,A,yl < 
C4||Cllp,A, /or every ^ G L^(0p). 

Proo/ of Claim 2. Let ^ G L^(gp). We denote ctj := -Ri(^|aJ and a := R^. 
Since X^j^^Pi = 1, a straight-forward calculation shows that 

(45) d> = ^-^*((dpi) A*ai). 

Fix z G M^. Then |{i G Z | pi{z) 7^ 0}| < 4. Hence (45) implies that 

(46) I (e - dla)(^)|^ < 4P-'\\pToo E 

Inequalities (46) and (43) imply that 

lie- < 4^ll/>'ll?omax{Cf, llPolin^sE ll^ll^,(a,)- 

Equality (45) implies that 
\dA{^ - d*Aa){z)\' < S^'-i max (11/11^, ||p'||^} (|a,|f + |V^a,|f)(z). 

Combining this with (43), Claim 2 follows. □ 

We choose C4 as in Claim 2. Let ^ G -^^^(gp). We abbreviate ^ := ^-d^P^. 
By the fact e|(_jv,Af)2 = 0, Lemma 23, the fact X > 1 — 2/p > and Claim 
2, we have 

(47) moo<c2mi,p,x,A<c2C4ap,x- 
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Recall that Pr : TM TM and Pr" : TM" TM" denote the orthogonal 
projections onto imL and (u*imL)/G. Claim 1 is now a consequence of the 
following three claims. 

3. Claim. We have 

suv{\\Ri\\^^w{u)mMVT^m+\m\\p^x I ^ e Li{Qp) ■■ m\p,x < 1} < oo. 

Proof of Claim 3. Let ^ € L^(0p) be such that H^^Hp^A ^ 1- For i G Z we 
denote := Since |{i G Z|ft(z) / 0}| < 4, for every z G M , 

we have Wm^^ < 4^^^ ll«illip(a,)- Using (43), it follows that ||^eil^,A < 
APmax{Cf,\\Ro\\P}Cs. We define C := max{\dn{x)\ + | Pr,, | | x G u{P)}. 

By Remark 27 below, the statement of Claim 2 and the fact -RCI(-Ar,Ar)2 = 0, 
we have 

\\mu)m + |pr"^ei ^ c-c-ic - dA^iiL-,(M2\(-w) ^ c-c-iQ. 

Inequality (47) and Remark 27 imply that ||-RC||oo < c~-^||^||j;,oo(r2\^(_^^^^2) < 
c-^C2C3. We fix i G Z \ {0}. Lemma 23, (43) and the fact A > 1 - 2/p > 
imply that ||ai||oo < C'2||Q;i||^i,P(Q.) < C2Ci\\^\\lp^q.) < C2C1. Furthermore, 



|ao| 



< C := sup{||a||oo !« G W^P{/\^iiP\noXQ)/G) : ||a||i,p,A < l} Poll- 



It follows that ||i?^||oo < supj||ai||oo < max{C2Ci,C} < 00. Claim 3 
follows. □ 

4. Claim. We have sup {||V^(i?Ollp,A | ^ G ^^(flp) : ll^llp.A < l} < 00. 

Proof of Claim 4. Let C G ^aCs^')- We define ^-d*^R^, rj := (L*L„)-i^ 
and y9 G O2(M,0) as in (63). By Lemma 26 below, we have 

(48) {Luv) = LudAV + Vd^uXrj • 

Using the second part of Lemma 26 (with v := L^r]), it follows that 

(49) L^LudAV = dA^- p{dAU, L^r?) - L* Vd^^X^. 

We choose a constant C so big that \p{v,v')\ < C\v\\v'\ and IV^X^qI < 

C|f||^o|, for every x G ii~\Bs), v,v' G T^M and ^0 G 0- We define C := 
max {c~^, 3Cc~^}. Since = LuT], equalities (48,49) imply that 

I|V'^(^)IUa < c{\\dACl^, + \\dAu\\,4^\\J. 

Here we used Remark 27. Since ||(iAt^||p,A < 00 > Claim 2 and (47) now imply 
Claim 4. ' □ 

5. Claim. We have sup {||V^(^)||p,A | C G ^^^(flp) : IICIIp.A < 1} < 00. 
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Proof of Claim 5. Let ^ G L^qp) be such that ||^||^^ < 1. We write 

oci := Then V^(i?0 = Ei (ftV^a^ + dp^ ® a^). Setting C := 

8P||p'||?oC3max{Cf, \\Ro\\p}, it follows that 

l|V^(i?OII^,A < + ||p'irool|a.ll^,A) < 

Here in the second inequality we used the fact ||p'||oc ^ 1^ and (43). This 
proves Claim 5, and completes the proofs of Claim 1 and Theorem 6. □ 

Appendix A. Weighted spaces and a Hardy-type inequality 

Let d G Z. The following lemma is used in section 3.2 in order to define a 
norm on Xa- If d < then let po G C°°(M^, [0, 1]) be such that po{z) = for 
\z\ < 1/2 and po{z) = 1 for \z\ > 1. In the case d > we set po '■= 1- Recall 
that : C — > C, Pd{z) := z'^. 

12. Lemma. For every 1 < p < oo and A > —2/p the map 

C e l]^p/R\C) ^ C • poPd + L]^^ai^\C), {v^,v) ^ v^popa + v 
is an isomorphism of vector spaces. 

Proof of Lemma 12. This follows from a straight-forward argument. □ 

The following proposition was used in the proof of Theorem 5 and Proposi- 
tion 9. For every normed vector space V we denote by C(,(M", V) the space 
of bounded continuous maps from M" to V. We denote := W^\Bi. 

13. Proposition (Weighted Sobolev spaces). Let n G N. Then the follow- 
ing statements hold. 

(i) Let n < p < oo. Then for every A G M there exists C > such that 

(50) ||n(-)^+t|Uoo(Mn) < c\\uy^,^^^^, \/u G wl^iw'). 

If X> —n/p then L^^^iW^) is compactly contained in Cfe(M"). 

(ii) For every k G NU{0}, 1 < p < oo and X e R the map W^'^(RJ^) 
{■)^u G W^'P{W^) is a well-defined isomorphism (of normed spaces). 

(Hi) Let p > 1, X e M, and f G L°^(M") be such that \\f \\L°°(R'^\Bi) ^ 0, for 

i ^ oo. Then the map Wl'^iR"^) fue Ll(R'') is compact, 

(iv) For every 1 < p < cc, A G M, d G Z and u G L\^^{Bf') we have 

\\Pdu\\Ll;P^^BO) < max{ - d2(-'^+3)/2,2}||M||^i,p(^C). 

Proof of Proposition 13. Proof of (i): Inequality (50) follows from inequal- 
ity (1.11) in Theorem 1.2 in the paper by R. Bartnik [Ba]. Assume now that 
A > —n/p. Then it follows from Morrey's embedding theorem that there 
exists a canonical bounded inclusion l]^'^(R"') ^ C6(M"). In order to show 
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that this inclusion is compact, let € l\^^{W^) be a sequence such that 
C := supj^ < oo- By Kondrachov's compactness theorem on Bj 

(for j G N) , and a diagonal subsequence argument there exists a subsequence 
Un- of Un that converges to some map u G Wl^^{W^), weakly in W^'P{Bj), 
and strongly in C{Bj), for every j G N. 

1. Claim. We have u G C;,(M"') and u^. converges to u in C5(M"). 

Proof of Claim 1. We choose a constant C as in the first part of (i). For 
every i? > we have ll^^ll^i.p^^^) < li™supj ||M;y^ ll^i.p^.^^^ < C. Hence 

u G L?^'^(M"). Since A > -n/p, by inequality (50), this implies u G C;,(M"). 
To see the second statement, we choose a smooth function p : [0, 1] 

such that p{x) = for x G -Bi, p{x) = 1 for x G B^ , and \Dp\ < 1. Let 
R> I. We define pR := p{-/R) : W [0,1]. Let j G N. Abbreviating 
Vj := Uy. — II, we have 

(51) \\vj\\oo < \\vj{l - Pr)\\^ + \\vjpR\\^- 
Inequality (50) implies that 

(52) \\vjPR\\^<C R p\\vjPBWi,p,\- 

Furthermore, ||f j/9_R||i,p,A < 2||t;j ^ 4C. Combining this with (51) and 

(52) , and the fact limj^co 

lbillL°c(B3fl,) = 0, it follows that limsup^-^g^ \\vj\\oo < 
ACC'R p . Since A > —n/p and > 1 is arbitrary, it follows that u^j 
converges to u in Cb(R"'). This proves Claim 1 and completes the proof of 
statement (i). 

Statement (ii) follows from a straight-forward calculation. 

Proof of (iii): Let / G L°°(M") be as in the hypothesis. Let Uy G 
W^'^{W^) be a sequence such that C := sup^ ||w,y||^i,p^]g„^ < oo. By Kon- 
drachov's theorem on Bj (for j G N) and a diagonal subsequence argument 
there exists a subsequence (uj) and a map v G Lj^^(R"), such that fu^. 
converges to v, strongly in LP{K), as j — > oo, for every compact subset 
K C R". Standard arguments show that v G L^(M") and fuy^ converges to 
V in I/^(R"^). This proves (iii). 

Statement (iv) follows from a straight-forward calculation. This com- 
pletes the proof of Proposition 13. □ 

The next result was used in the proof of Proposition 9 and will be used in 
the proof of Lemma 30. 

14. Proposition (Hardy-type inequality). Let n e N, p > n, \ > —n/p 
and u G Wi|,'^\M",R) be such that \\Du\ ■ 1-^+^ ||lp(R") < oo. Then u{rx) 

converges to some Uoo G R, uniformly in x E 5*"^^, as r ^ oo, and 

(53) \\{u-yoo)\ ■ \^\\Lp{Rn)<p/{X + n/p)\\Du\ ■ \^+^\\Lv(Rny 
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For the proof of Proposition 14, we need the following. 

15. Lemma (Hardy's inequality). Let n £ N, 1 < p < oo, A > —n/p 
and u £ VFj^'^ (M",R). // there exists R > such that u\b^ = then \\u\ ■ 
\^\\lp{R-) <p/{X + n/p)\\Du\ ■ |^+^||LP(Mn) (G [0,oo]). 

Proof of Lemma 15. If u is smooth then the stated inequality follows from 
Exercise 21, Chapter 6, in the book by O. Kavian [Ka]. The general case 
can be reduced to this case by mollifying the function u. This proves the 
lemma. □ 

Proof of Proposition 14. Let n,p, A as in the hypothesis. We set £ := A + ^. 

1. Claim. There exists a constant Ci such that for every weakly differen- 
tiable map « : M" — R and x,y G satisfying < |a;| < \y\, we have 
\u{x) - u{y)\ < Ci\x\-'\\Du\ ■ |^+i^,(5c ). 

Proof of Claim 1 . By Morrey's theorem there is a constant C such that 
l'u(O) — u{x)\ < Cr^^'"/P\\Du\\LP(^Br)j foi" every r > 0, weakly differentiable 
tt : Br ^ M and x £ Br- Let u,x and y be as in the hypothesis of the 
claim. Let iV G N be such that 2^-^\x\ < \y\ < 2^\x\. For i = 0,...,N 
we define Xi := Tx G M". Furthermore, we set x^v+y := y|x7v+7|/|2/| and 
xjv+8 := y-i and we choose points Xj G S^N^^y i = N + 1, . . . ,N + 6, such 
that \xi - Xi_i\ < 2^-i|x|, for i = iV + 1,... ,A^ + 7. For i = 0, . . . , - 1 
we have Xi G i?2i|x| (^^j+i)- Hence it follows from the statement of Morrey's 

theorem that |n(xj+i) — u{xi)\ < C{2^\x\)~'^\\Du\ ■ \^~^^\\ip(bc v Moreover, 

1^1 

for i = A, . . . , A + 7 we have Xj+i G -B2jv-i|^|(xj), and hence analogously, 
\u{xi^i) — u{xi)\ < C{2^~^\x\)~'^\\Du\ • 1'^^"^ llipf^c ). Using the inequality 

V \x\' 

\u{y) - u{x)\ < Z]i=o,...,7V+7 Wi^i+i) - u{xi)\, Claim 1 follows. □ 

Let u G Tyi]j;\M",M) be such that \\Du\ ■ |^+^||lp(R") < oo. It follows from 
Claim 1 that there exists G M such that u{rx) converges to y^, as r — >■ oo, 
uniformly in a; G S'^~^. To prove inequality (53), we choose a smooth map 
p : [0,oo) [0, 1] such that p{t) = 1 for < t < 1, p{t) = for t > 2 
and \p'{t)\ < 2. We fix a number R > and define pR : M. ^ [0,1] by 
Pr{x) '■= p{\x\/R). We abbreviate v := u — j/oo- Using Lemma 15 with u 
replaced by prv^ we have 

■ \^\\lp{Br) < \\PRV\ ■ l^|Lp(B.n) <p/iX + n/p)\\D{pRv)\ ■ l^^lip(lRn)- 

Combining this with a calculation using Leibnitz' rule, it follows that 
(54) \\v\ ■ I^IUp(b^) < p/{X + n/p){mv\ ■ \%PiB,n\Bn) + \\Du\ ■ |^+^ |Lp(k„)). 
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Claim 1 implies that \v{x)\ < Ci\x\ '^\\Du\ ■ \^^^\\lp(bC)7 for x G B^. Using 
the equalities Jb2r\Br \x\~^''dx = log2|S'"^^| and e = X + n/p, it follows that 

Inequality (53) follows by inserting this into (54) and sending i? to oo. This 
proves Proposition 14. □ 

The next result will be used to prove Corollary 18 below, which in turn is 
used in the proof of Theorem 5. For every d G Z we define and Pd to be 
the spaces of polynomials in z G C and z of degree less than d. (Note that 
if d < then P^ = {0}.) We abbreviate L]f := l];P{C, C), := L^(C, C), 
dz := df and dz '■= . Let X be a normed vector space and y C X be 
a closed subspace. We denote by X* the dual space of X and equip X/Y 
with the quotient norm. 

16. Proposition (Fredholm property for dz)- For every deZ, l<p<oo 
and — 2/p + l<A<— 2/p + 2 the following conditions hold. 

(i) The operator T := : L^)^^^_^ — ^ -^A-d Fredholm. 

(ii) We have kevT = Pd. 

(Hi) The map P-d —>■ (-L^_^/imr) , u t-^ (^v + imT t-^ f^uvdsdt) is well- 
defined and an isometric isomorphism. Here we equip L^_^/imT with 
the quotient norm. 

17. Remark. For every normed vector space X and every closed subspace 

Y CX the map {ip £ X* \ ip{x) = 0, Vx G ^ {X/Y)*, cp^ {x + Y ^ 
tp{x)), is well-defined and an isometric isomorphism. This follows from a 
straight-forward argument. 

We denote by S the space of Schwartz functions on C and by S' the space 
of temperate distributions. By^: S' ^ S' we denote the Fourier transform, 
and by ^ : S' ^ S' the inverse transformation. 

Proof of Proposition 16. Let d,p, A and T be as in the hypothesis. We start 
by proving (ii). A calculation in polar coordinates shows that for every 

polynomial m in z we have 

(55) u G L]^^i_d degu < d - A + 1 - 2/p. 

Hence our assumption X < —2/p + 2 implies that kerT 5 Pd- 

We prove that kerT C P^. Let u G kerT. Then = 8^(0 = ^(u (as 
temperate distributions). It follows that the support of u is either empty 
or consists of the point G C. Hence the Paley-Wiener theorem implies 
that u is real analytic in the variables s and t, where z = s -\- it, and there 
exists N eN such that sup^^c 1^(^)1 (-2)^ < 00. (See for example Theorem 
IX. 12 in Vol. I of the book [ReSi].) Therefore, by Liouville's Theorem u is 
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a polynomial in the variable z. Since by our assumption A > — 2/p + 1, it 
follows from (55) that u G P^. This proves that kerT C and completes 
the proof of (ii). 

We prove (i) and (iii). We define p' := p/(p — 1). We identify the 

spaces L^x+d ^^'^ (-^A-d)* isometric isomorphism ui-^ [v ^ J^uv^. 

Then the adjoint operator T* is given by T* = dz : L^x+d ~ ^^\-d)* ~^ 
(L^''^-^_^i)*, where the derivatives are taken in the sense of distributions. 

1. Claim. kcrT* = P^j. 

Proof of Claim 1. For every polynomial u in z we have 

(56) u G L^x+d dcgu < -d + X- 2/p' = -d + X-2 + 2/p. 

Our assumption A > —2/p + l and (56) imply that kerT* D P-d- Fur- 
thermore, the inclusion ker T* C P_d is proved analogously to the inclusion 
kerT C P^, using A < —2/p + 2 and (56). This proves Claim 1. □ 

We apply now Theorem 4.3 in the paper by R. B. Lockhart [Lo2] with T 

(case d < 0) or T* (case d > 0). The hypotheses of that theorem arc satisfied, 
since by our assumption —2/p + 1 < A < —2/p + 2, and since the operator 
T = dz (r*) has constant coefficients and is elliptic, in the sense that its 
principal symbol cjt : C ^ C, ot(C) = \{Ci + K2) (o-T*(C) = ^(Ci - K2)) 
does not vanish on 5^ C C. Hence that theorem implies that in the case 
d < the map T is Fredholm, and in the case d > the operator T* is 
Fredholm. It follows that imT is closed if d < 0. On the other hand, if 
d > then imT* is closed, hence the same holds for imT. Statements (iii) 
and (i) follow now from statement (ii). Remark 17 applied with X := L^x-d 
and Y := imT, and Claim 1. This proves Proposition 16. □ 

Let d G Z, 1 < p < 00, -2/p + 1 < A < -2/p + 2, and po : M."^ ^ [0, 1] 
be a smooth function that vanishes on B1/2 and equals 1 on Bp. We equip 
CpoPd + ^l^-i-d with the norm induced by the isomorphism of Lemma 12. 
This norm is complete. (See e.g. [Lol].) 

18. Corollary. The following map is Fredholm, with real index 2 + 2d: 

(57) d-z:CpoPd + L]:P,_^^Ll_^. 

Proof of Corollary 18. The composition of the isomorphism of Lemma 12 
with (57) is given by T + S* : C © —>■ L^x-d^ where T{xoo,u) := dzU 

and S(xoo,u) '■= Xoo{dzPo)Pd- The map T is the composition of the canonical 
projection pr : C©t]^'^^_^ — > L^^-^_^ with the operator dz ■ L^x-i-d ~^ -^A-d- 
Using Proposition 16, it follows that T is Fredholm of real index 2 + 2d. 
Furthermore, S is compact, since it equals the composition of the canonical 
projection C © L]^!!_i_^ C (which is compact) with a bounded operator. 
Corollary 18 follows. □ 
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The next result is used in the proof of Theorem 5. Let {V, (•, •)) be a finite 
dimensional hermitian vector space, A,B:V^V positive linear maps, 
A G M and 1 < p < oo. We define 



19. Proposition. The operator Tx is Predholm of index 0. 
For the proof of Proposition 19 we need the following result. 

20. Proposition. Let {V, {■,■)), p and A be as above, and n G N. Then 
the map —A + A : W^'P{M.'^,V) —>■ LP{M.'^,V) is an isomorphism (of Banach 
spaces). 

Proof of Proposition 20. Consider first the case dime V = 1 and A = 1. We 
define G := (27r)t ((.)-2) v g s'. The map S3u^ G*u e S is well-defined. 
By Calderon's Theorem this map extends uniquely to an isomorphism 

(58) LP{W,C)3u^G*ueW^^P{W,C). 

(See Theorem 1.2.3. in the book [Ad].) Note that (-A + 1){G * u) = 
((•)2(G * wj")^ = u, for every u G 5. It follows that the inverse of (58) is 
given by —A + 1 : W'^'P{W\ C) LP(W\ C). Hence this is an isomorphism. 

The general case can be reduced to the above case by diagonalizing the 
map A. This proves Proposition 20. □ 

Proof of Proposition 19. We abbreviate := L^(C, V © V), etc. 

Assume first that A = 0. We denote by A^^'^,B^^'^ : V ^ V the unique 
positive linear maps satisfying (Aa)^ = (-62)^ = B. We define 

L:=( ^^^^ ] -.W^'P^LP. 

\ B2A2 J 

A short calculation shows that 

(59) To = {A^ © B^)L{A-^ © B'^). 
1. Claim. The operator L is an isomorphism. 
Proof of Claim 1 . We define 




By a short calculation we have LL' = ( - A/4 + A2BA2) © ( - A/4 + 
B^ABh) : W^2,p _^ gj^pg Ym^^^ ^^^^ A^ B A^^ , B^ AB^z : V ^ V 
are positive. Proposition 20 implies that LL' is an isomorphism. We denote 
by {LL')-^ : LP W'^^p its inverse and define R := L'(LL')-^ : LP W^'P. 
Then R is bounded and LR = id^p. 
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By a short calculation, we have LL'{u,v) = L'L{u,v), for every Schwartz 
function {u,v) G S. This implies that {LL')~^L\s = L{LL')~^\s, and there- 
fore RL\s = ids- Since RL : W^'P W^'P is continuous and S C W^'P is 
dense, it follows that RL = id^^i^i.p. Claim 1 follows. □ 

The maps ® : U ^ LP and © : W^'P W^'P are automor- 
phisms. Therefore, (59) and Claim 1 imply that T is an isomorphism. 

Consider now the general case A G M. The map LP 3 {u,v) 
{■)^'^{u,v) G is an isometric isomorphism. Furthermore, by Proposi- 
tion 13(ii) the map Wj^'^ 3 {u,v) i— {■)^[u,v) G W^'P is well-defined and an 
isomorphism. We define S := (•)^(9f (•)"^) {■)^{d^{-)~^) ■ W^'P LP. Di- 
rect calculations show that Tx = (•)~^(ro + S){-)^, < |A|(-)"^~V2 
and \dz{-)~'^\ < |A|(-)~'^~^/2. Therefore, Proposition 13(iii) implies that the 
operator S is compact. We proved that Tq is an isomorphism. It follows 
that Tx is a Fredholm map of index 0. This proves Proposition 19 in the 
general case. □ 

Appendix B. Proof of Proposition 11 (Right inverse for c?^) 

For the proof of Proposition 11 we need the following three results. Let 

n G N, 1 < p < oo, G a compact Lie group with Lie algebra q and (•, •)g an 
invariant inner product on g. For a Riemannian manifold X and a G-bundle 
P ^ X we denote by A^'P{P) the space of VF^'^-connections on P. 

21. Proposition. Let K C he a compact subset dijfeomorphic to Bi. 
If n/2 < p < oo then there exist constants e > and C such that for every 
principal G-bundle P vcAK, Aq G A{P), and A G .4^'^(P) the following 
holds. If Aq is flat and ||F4||p < e then there exists a gauge transformation 
g G g^'PiP) such that \\g*A - ^o||i,p,Ao < C||F4||p. 

Proof of Proposition 21. Let n,p,G,{-,-)g and K be as in the hypothesis. 
We denote by the trivial connection on intK x G. By Uhlenbeck's gauge 
theorem there exist constants £ > and G such that for every connection 
A G A^'P{intKxG) satisfying \\F^\\p < e there exists g G ^^'^'(intif xG) such 
that \\g*A — ^ollip^g ^ ^II-^^Hp' (This follows for example from Theorem 
6.3 in [Weh].) Let P intK be a G-bundle, Aq^G A{P) be flat, and 
A G A^'P{P) be such that ||-Fa||p < £■ Since and are flat, there exists 
a smooth isomorphism of G-bundles : intK x G ^ P (with fixed base) 
such that '^*Ao = Aq. We choose g G ^^'^(intif x G) as in the conclusion of 
Uhlenbeck's theorem with A := ^*A. We define g ■.= go G Q'^'P{P). A 
straight-forward calculation shows that ||(7*yl — ^o||i,p,Ao = ll6'*^~^o|li ^ 
The statement of Proposition 21 follows from this. □ 
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22. Proposition. Let G N, 1 < p < oo, G a compact Lie group with Lie 
algebra g, {■, •)g an invariant inner product on Q, and K C a compact 
subset diffeomorphic to Bi . Then there exists a constant C such that for 

every principal G-bundle P mtK and every smooth flat connection A 
on P there exists right inverse R of d\dA ■ W^^{gp) — > LP{qp) satisfying 
\\R\\ ■■= {imkpA I ? G LP{qp) : m\p < 1} < C. 

Proof of Proposition 22. Let n G N and 1 < p < oo. For an open subset 
U C we denote by Cq^{U) the compactly supported smooth functions 
on U. Wc define the map f : C^{Bi) C°°{Bi) as follows. We denote 
by $ : \ {0} M the fundamental solution of the Laplace equation 
(see e.g. [Ev], p. 22). Let f £ C^{Bi). We define / : ^ M to be the 
extension of / by outside Bi . We denote by * convolution in and define 
Tf := (<I> * Note that $ is locally integrable, hence the convolution 

is well-defined. Furthermore, Tf is smooth, and AT/ = /. (The first 
assertion follows from differentiation under the integral, and for the second 
see for example Theorem 1 on p. 23 in the book [Ev].) 

1. Claim. There exists a constant C such that \\Tf\\y^r2,p(^p^-^ < C||/||lp(_Bi)? 
for every f GCS°{Bi). 

Proof of Claim 1. Young's inequality states that ||r/||£,p(5j) < ||^||li(_B2) ll/IU'' 
for every / G Cq°{Bi). Furthermore, the Calderon-Zygmund inequality 
states that there exists a constant C such that for every / G Cq°(R") we 
have ||L>2($ * f)\\p < C\\f\\p. (See for example Theorem B.2.7 in [MS2]. 
Note that * f = (dj^) * f = dj{^ * /).) Claim 1 follows from this. □ 

We fix a constant C as in Claim 1. By this claim the map T uniquely 
extends to a bounded linear map T : LP(Bi) W'^'P{Bi). Since AT/ = /, 
for every / G Co°(5r), a density argument shows that AT/ = /, for every 
/ G W^'P{Bi), i.e. T is a right inverse for A : W'^'P{Br) U^Bp). 

Let now G, (•, •)g and K be as in the hypothesis. Without loss of generality 
we may assume that K = Bi. Let tt : P ^ Bi he a G-bundle, and A G A{P) 
be flat. We fix a point pQ £ Pq, and denote hy a : Bi P the ^-horizontal 
section through po- This is the unique smooth section of P satisfying 
Ada = and a{0) = pq. For > we define the map '■ W^'P{Bi,q) — s- 
W^^{Bi,Qp) by "^ki '■= G ■ (cr, ^). This is an isometric isomorphism. We 
define R := -■^2T%^. It follows that < ||^'2||||T||||^'o ^|| = ||T|| < C, 
where we use various operator norms. A straight-forward calculation shows 
that d\dA'i>2 = *od*d = -*oA : W^'PiBi,^) LP{Bi,qp). It follows that 
Ris a right inverse for d\dA- This proves Proposition 22. □ 

23. Lemma. Let n E N, p > n, G a compact Lie group with Lie algebra 
Q, {■,-)g 0,1^ invariant inner product on g and K C M" a compact subset 
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diffeomorphic to Bi. Then there exist constants C and e > such that for 
every principal G-hundle tt : P — vcAK, A G .4^'^(P), fc = 0, 1 and a G 
^Y{t\iQp)) the following holds. If \\FA\\Lp{intK) < £ then ||a||i,oo(inti<r) < 
C\\a\\i,p,A- 

Proof of Lemma 23. Let n,p, G, g, (•, •)g and K be as in the hypothesis. We 
choose constants e > and Ci := C as in Proposition 21. Since by assump- 
tion p > n, it fohows from Morrey's theorem that there exists a constant C2 
with the following property. If P — intK is a G-bundle, Aq G A{P) is flat, 
A; = 0, 1 and a G W]^^ [f^ {'Qp)) then ||q!||oo < C2||q;||^i,p. Let tt : P ^ iniK 

be a G-bundle and A G .4^'^(P) be such that ||PA||LP(intx) ^ £• We choose 
5 G e^'P(P) as in Proposition 21. Let a G Wl^(A^(0p))- We set A' := g*A, 
a' := g*a and C3 := max { r/] | ^, r/ G : |^| < 1, < l}. A direct 
calculation shows that (V^o - V^')a' = [(^' - ^0) ® a']- It follows that 

(60) ||a||oo < ||a'||oo < C'2||a'||i,p,Ao < C'2(||a'||i,p,A' + C'3M'-^o||oo||a'||p). 

By the statement of Proposition 21, we have 11^4' — ^o||i,p,ylo ^ Cie. Com- 
bining this with Morrey's theorem and (60), Lemma 23 follows. □ 

Proof of Proposition 11. Let n,p, G, {■, ■)g, K, P and A be as in the hypoth- 
esis. We show that the operator (42) admits a bounded right inverse. 

1. Claim. There exists a bounded linear map L : VFj'^(intK,0p) ^ 
^A^(A^(flp)) such that d\L = id. 

Proof of Claim 1. We may assume without loss of generality that K = Bi. 
We define J7 C M x P to be the subset consisting of all {t,p) such that 
|t + + X2 + • • • + < 1, where x := 7r(p) G Pi. Furthermore, we denote 
hy ^ : ^ P the ^l-parallel transport in a;i-direction. Let [to^po) G 
We denote xq := 7r(po) £ Pi- Then ^'(to,po) = p(*o)) where p : {t G 
M I {t, xo) G ri} ^ P is the unique path satisfying pr op(t) = xq + (t, 0, . . . 0), 
for every t G M, = and p(0) = po- Let ^ G W^^'P(Pi, gp). We define 
^ : P — g by the condition [p, ^(p)] = ^ o 7r(p), for p e P. Let p G Pi and 
(xi, . . . , Xn) ■= vr(p). We define rj := /^^^ ^ o ^{t,p)dt G g. Furthermore, we 
define the section rj : Bi ^ gp by the condition ryo7r(p) = [p, r?(p)], for every 
p ^ P, and := rjdx^. Then L has the required properties. This proves 
Claim 1. □ 

We choose a map L as in Claim 1. Furthermore, we choose a smooth flat 
connection Aq on P. By Proposition 22 there exists a bounded right inverse 
Po of d\dAo ■■ W^^igp) LP{gp). We define the map 

(61) R := dARo + P(id - d^dAlh) : I^iSp) ^ W^^i/^isp)) . 

The first assertion of Proposition 11 is now a consequence of the following. 
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2. Claim. The map (61) is well- defined and bounded, and d\R = id. 

Proof of Claim, 2. A short calculation shows that S := d\dA — d\^^dA„ is of 
first or zeroth order. Hence it defines a bounded linear map from W^'^(inti^, qp) 
to w]l^{uiiK,Qp). Furthermore id — d\dARo = —SRq. This implies that 
R is well-defined and bounded. A short calculation shows that d\R = id. 
This proves Claim 2. □ 

To prove the second statement of Proposition 11, we choose £i,Ci as in 
Lemma 23 (corresponding to e,C) and e2,C2 as in Proposition 21 (corre- 
sponding to e, C). We also fix a constant C3 := C as in Proposition 22, and 
we define e := min 

{ei, £2, l/(2CiC2C3)}. Let P intK be a G-bundle and 
A G A{P) be such that < £• We choose a flat smooth connection Aq 

on P. By the assertion of Proposition 21 there exists g G Q'^'P{P) such that 

(62) \\9*A-Ao\\i,p,Ao<C2\\Fa\\p. 

Furthermore, by the assertion of Proposition 22 there exists a right inverse 
Ro of d*^^dAo : W^g^dp) ^ ^^(flp) satisfying ||i?o|| < C3, where \\Ro\\ 
denotes the operator norm of Rq. We define the map S : (^/\^ {gp)) — *• 
LP{Sp) by Sa := — * [{g*A — Aq) A *a] . Since Aq is flat, the hypotheses of 
Lemma 23 are satisfied. Hence by this lemma and (62), we have 

\\Sa\\p < \\g*A - Ao||p||a||oo < C'2Ci£||Q;||i,p,yio(0p), 

for every a G 1^1q^(A^(5^'))- Hence S is well-defined, and 

WSdAM < ||-S||||dAo||||i?o|| < C2CieC3 < 1/2, 

Hence id -|- SdAgRo '■ -^(flp) ^(Qp) is invertible, and the von Neumann 

series Yl^oi^^dAQRoY converges in the operator norm and equals (id + 

SdAoRo)"^- Furthermore, || (id + 5dA„-Ro)~i ^ J2Zo^'' = 2- We define 
R := g,dAoRo{id + SdAoRoy'g* : LP{qp) ^ VF];f (A'(0p)) • Since S = 
^g'A ~ '^Ao^ have d^i? = g.td*g:^^g*R = id. Furthermore, for every ^ G 
LP{qp), we have 

l|V^(i?Ollp = \\^''H9*m\\p < l|V^»(<7*i?0llp + II [(9* A - Ao) ® g*R^] ^ 



< (2 + 2C4C2£)C3||^|| 



p ' 



where C4 := max{|[Q; (8> I a,/3 G A^(0p) • |ck|) < l}- Here in the last 
step we used (62) and the fact < £■ This proves the second statement 

and concludes the proof of Proposition 11. □ 
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Appendix C. Other auxiliary results 

The next lemma was used in the proof of Theorem 2. Here for a linear map 

D : X denote cokcr D := Y/imD. 

24. Lemma. Let X, Y, Z be vector spaces and D' : X —>■ Y and T : X ^ Z 
be linear maps. We define D := Z)'|kerT- Then the following holds. 

(i) ker£) = ker(D',T). 

(a) The map $ : coker Z:* coker(D',T), $(y + imD) := (y, 0)+im(D', T), 
is well-defined and injective. IfT:X^Zis surjective then $ is also 
surjective. 

(Hi) Let II ■ ||y, II ■ 11^ be norms on Y and Z and assume that im(D',T) is 
closed inY ® Z. Then im.D is closed in Y . 

The proof of Lemma 24 is straight-forward and left to the reader. The 
following result was used in the proof of Proposition 8. We define the map 
/ : C \ {0} ^ by f{z) := z/\z\. For two topological spaces X and Y 
we denote by C{X,Y) the set of all continuous maps from X to Y, and 
by [X, Y] the set of all (free) homotopy classes of such maps. Let y be a 
finite dimensional complex vector space. We denote by End(y) the space of 
its (complex) endomorphisms of V, by det : End(y) — C the determinant 
map, and by Aut(F) C End(F) the group of automorphisms of V. 

25. Lemma. The map C{S^,Aut{V)) — Z given by ^ i-^ deg (/ o det o$) 
descends to a bijection [S^,Aut{V)] — ^ Z. 

Proof of Lemma 25. We choose a hermitian inner product V and denote by 
U(y) the corresponding group of unitary automorphisms of V. The map 
det : U(y) induces an isomorphism of fundamental groups, see e.g. 

Proposition 2.23 in the book by D. McDuff and D. A. Salamon [MSI]. Fur- 
thermore, the space Aut(y) strongly deformation retracts onto \J(y). (This 
follows from the Gram-Schmidt orthonormalization procedure.) This implies 
that the map /odet : Aut(F) — *■ induces an isomorphism of fundamental 
groups. Let <l>o G Aut{V). It follows that the map C{S^,Aut{V)) Z given 
by $ 1-^ deg (/odet o$) descends to an isomorphism between 7ri(Aut(y), <I>o) 
and Z. Since this group is abelian, the map 7ri(Aut(y), $o) [-S*^, Aut(F)] 
that forgets the base point ^o, is a bijection. The statement of Lemma 25 
follows from this. □ 

The next lemma was used in the proof of Theorem 6. Let X and M be 
manifolds, G a Lie group with Lie algebra g, (•, •)g an invariant inner product 
on g, (•, ■)m a G-invariant Riemannian metric on M, and V its Levi-Civita 
connection. For ^ G g we denote by X^ the vector field on M generated by 
^. We define the tensor p : TM TM ^ g by 

(63) {^,p{v,v'))g:={V,X^,v')M. 
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A short calculation shows that p is skew-symmetric. This two-form was 
introduced in [Ga] (page 181). The next lemma corresponds to Proposition 
7.1.3(a,b) in [Ga]. Let P ^ X he & principal bundle, A G .4(P), u G 

{X, {P xM)/G),v€ r(TM"), and ^ e r(gp). We define the connection 

on TM" -y X asm Section 2. 

26. Lemma. V^L„^ - L^dA^ = Vd^^X^, (IaLIv - L^V^v = p{dAU, v). 

Proof of Lemma 26. This follows from short calculations. □ 

Let M, CO, G, Q, {■, p and J be as in Section 1, and (•, ■)m '■= ^i', J-)- The 
following remark was used in the proofs of Theorems 2 and 6. Recall the 
definition (15) of M* C M, and that Pr : TM TM denotes the orthogonal 
projection onto imL. 

27. Remark. Let K C M* he compact. We define c := inf {|La;^|/|^| | x G 
-f^, 7^ ^ G g}. Then c > 0. Let x E K. Then L*Lx is invertible, and 

(64) \{LlL,,)-^\ < c-2, |L,(L*L,)-i| < c-\ L^{LlL,)-^Ll = Pr,, 

where the \ • \ 's denote operator norms. Furthermore, \ Y'Xxv\ < c~^\L*v\, 
for every v G T^M. These assertions follow from short calculations. 

Assume that hypothesis (H) holds. The following lemma was used in the 
proof of Proposition 9. 

28. Lemma. There exists a neighborhood U C. M of ^"^{0), such that 

(65) c := M {\dp{x)L'^a\ + | PrL^a| \ x £ U, a G : |q;| = l} > 0. 

Proof of Lemma 28. It follows from hypothesis (H) that there exists 6o > 
such that p'^iBso) CM*. We define 

C:=sup{\[^,rj]\\^,riGs: \^\<1, H < l}, 

CO := inf {|L,e|/|^| | x G p-\Bs,), 7^ ^ e fl}- 

Since the action of G on M* is free, it follows that L-^ : g — *• T^M is injective, 
for X G M*. Furthermore, by hypothesis (H) the set h~^{Bsq) is compact. It 
follows that Co > 0. We choose a positive number 6 < min{(5o, cq/C, Cq/C}, 
and we define U := p^^{Bs). 

1. Claim. Inequality (65) holds. 

Proof of Claim 1 . Let x e U and a = ^ + iri e q'^. Then 

(66) dfi{x)L^a = [p{x) ,C] + LlL,n. 
Using the last assertion in (64), we have 

(67) Pr^L^a = L^^ - L^(L*L,)-i[/x(x), r?]. 
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By the first assertion in (64), we have \L*Lxr]\ > CQ\r]\. Combining this with 
(66,67) and the second assertion in (64), we obtain 

\dfiix)L^a\ + I PrL^al > -CS\C\ + cI\t]\ + col^l - CQ^C6\r]\. 

Inequality (65) follows now from our choice of 5. This proves Claim 1 and 
completes the proof of Lemma 28. □ 

The following lemma was mentioned in Section 1. Recall the definition (7) 
of BP''^, and that Qi^^i-^) denotes the group of gauge transformations on P 
of class Wi^f . 

29. Lemma. For p > 2 and X> 1-2/p Gf^^{P) acts freely on B^'^. 

Proof of Lemma 29. Let w := {u,A) G B^'^ and g £ Q^^liP) be such that 
g^,w = w. It follows from hypothesis (H) that there exists 5 > Q such that 
^~^{Bs) C M* (defined as in (15)). Furthermore, Lemma 30 below implies 
that there exists R > such that {/j, o u{p)\ < S, for p £ 7r~^(M^ \ Br). We 
choose po G Tr^^{R) C P. Since g{po)'u{po) = u{po) and u{po) G M*, it 
follows that g{po) = 1. Let pi G P. We choose a smooth path p : [0,1] ^ P 
such that p{i) = pi, for i = 0, 1. Then the map gp := g o p : [0, 1] ^ G solves 
the ordinary differential equation gp = gpAp — {Ap)gp, gp{0) = 1. It follows 
that gp = 1, and hence g{pi) = 1. This proves Lemma 29. □ 

We now prove Proposition 3. Let M, u, G, , 0, (•, ■)g,fi and J be as in Section 
1, S := R^cus := wq, j := i,P M? a principal G-bundle, p > 2,A > l-2/_p 
and w e By Assume that hypothesis (H) holds. 

30. Lemma. There exists a smooth section a of the restriction of the bundle 
P to -Bp and a point x^o £ M~^(0), such that u o (j(re*'^) converges to Xoo, 
uniformly in if as r ^ oo, and a* A G L^(I?f ). 

Proof of Lemma 30 . 

1. Claim. The expression {/j, o u\{re'^'^) converges to 0, uniformly in^p 
as r ^ oo. 

Proof of Claim 1. We define the function / := |// o up : M — R. It follows 
from the ad-invariance of that 

(68) df = 2^(i^(/x o n), /Lt o u)^ = 2(^dii{u)dAU, o u)^. 

Since u{P) C M is compact, we have supR2 \dii{u)\ < oo, sup]R2 |// o t(| < oo. 
Furthermore, \dAu\ < G L^. Combining this with (68), it follows that 
df G L^. Therefore, by Proposition 14 (Hardy- type inequality, applied with 
u replaced by /) the expression f{re^^) converges to some number y^o G M, 
as r — ^ oo, uniformly in G M. Since |/i o u| < ^/e^ G L^, it follows that 
yoo = 0- This proves Claim 1. □ 
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It follows from hypothesis (H) that there exists a 5 > such that fi~^{Bs) C 
M* (defined as in (15)). We choose > so big that |// o u\{z) < 5 if 
z G B^_^ = \ -Br_i. Since G is compact, the action of it on M is 
proper. Hence the local slice theorem implies that M* /G carries a unique 
manifold structure such that the canonical projection tt^ : M* M*/G 
is a submersion. Consider the map u : 

Br-i M*/G defined by u{z) := 
Gu{p), where p G T^'^iz) C P is arbitrary. 

2. Claim. The point u(re*'^) converges to some point x^o G fj,~^(0)/G, 
uniformly in (/p G M, as r oo. 

Proof of Claim 2. We choose n G N and an embedding l : M*/G — > R". 
Furthermore, we choose a smooth function /) : ^ R that vanishes on 
Br-i and equals 1 on B'^. We define / : — > R"" to be the map given 
by p • <- o n on B^_^ and by on -B^-i. It follows that ||c^/||i;,p(BC) < 

||dt(n)d'u||^P(^C) + ||(c^p)''Ou||iP(s^\s^_^). Furthermore, 

||(it(i2)(in||^P(gC) < \\di{u)\\L^^BC)\\dAu\\LV^(BC)- 

Our assumption w = {u,A) G IS^ implies that ||dA^^'||iP(Bg) < oo. Fur- 
thermore, 11 is proper by the hypothesis (H), hence the set IjL~^{Bs) is 
compact. Thus the same holds for the set tt^^* {ii^^{Bs)). This set con- 
tains the image of u. It follows that ||cii(^i)||i:,oo(5C) < oo, and therefore 

IM/IIlP(r2) < \\df\\LliBR) + \\df\\Ll{B<f;) < Hence the hypotheses of Propo- 
sition 14 are satisfied. It follows that the point f{re^'^) converges to some 
point G R", uniformly in 99 G R, as r ^ cx). Claim 2 follows. □ 

Let Xoo be as in Claim 2. We choose a local slice around Xoo, i-e. a pair 
(C7,a), where U C M*/G is an open neighborhood of iCooj and a -.U ^ M* 
is a smooth map satisfying ir^ oa = id;^. Then there exists a unique section 
a' of P\bc such that aou = uoa' . By the homotopy lifting property of P we 
may extend this to a continuous section a" of -Pj^c. Smoothing out a" on 
Brj^i \Bi, we obtain a smooth section a of -P|^c. We define Xqo := ^(aioo)- 
It follows from Claim 2 that uoa{re^'^) converges to Xqo, uniformly in </?, for 
r — 00. Furthermore, 

||Luoo-<7"*^|lL^(Bg_^J < N^*f^cr'llL^(Bg_^j) + da''" II L^(Bg^ J , 

duda' = d{u o o"') = dadu, \du\ < \dAu\. 
Since inf {\Lu{p)^\ \ p G ^Isg^^, C G 9 : ICI = 1} > and ||dAit||p,A < 00, it 
follows that a* A G Ll{B^). This proves Lemma 30. □ 

Proof of Proposition 3. We choose a and Lemma 30, and we define 

P to be the quotient of P]J{S^ \ {0}) x G under the equivalence relation 
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generated by p ~ (TT(p),g), where (7 G G is determined by cr{z)g = p, 
for p G P. We define u : P ^ M hy u{[p]) := u{p), for p G P, and 
^([oo,^]) := g~^Xoo, for g E G. If follows from the statement of Lemma 30 
that this map is continuous. Let now Pi and P2 be two extensions of P, 
for which the map u extends to continuous maps Ui : Pi ^ M. We define 
: Pi ^ P2 to be the identity on P C , and for p in the fiber of Pi over 
00 we define to be the unique point p' G P2 such that ui{p) = U2{p')- 
(It follows from Lemma 30 that this point is unique.) This map has the 
required properties. This proves Proposition 3. □ 
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